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SHARP MAXIMAL FUNCTION ESTIMATES AND
BOUNDEDNESS FOR COMMUTATORS
ASSOCIATED WITH GENERAL INTEGRAL OPERATOR

Lanzhe Liu

Abstract
In this paper, we establish the sharp maximal function estimates for the
commutator associated with some integral operator with general kernel and
the weighted Lipschitz functions. As an application, we obtain the bounded-
ness of the commutator on weighted Lebesgue, Morrey and Triebel-Lizorkin
space. The operator includes Littlewood-Paley operators, Marcinkiewicz op-
erators and Bochner-Riesz operator.

1 Introduction and Preliminaries

As the development of singular integral operators(see [12][28][29]), their commuta-
tors have been well studied(see [8][26][27]). In [8][26][27], the authors prove that
the commutators generated by the singular integral operators and BM O functions
are bounded on LP(R") for 1 < p < co. Chanillo (see [4]) proves a similar result
when singular integral operators are replaced by the fractional integral operators.
In [5][14][23], the boundedness for the commutators generated by the singular inte-
gral operators and Lipschitz functions on Triebel-Lizorkin and LP(R")(1 < p < o)
spaces are obtained. In [1][13], the boundedness for the commutators generated by
the singular integral operators and the weighted BM O and Lipschitz functions on
LP(R™)(1 < p < o0) spaces are obtained. In [3], some singular integral operators
with general kernel are introduced, and the boundedness for the operators and their
commutators generated by BMO and Lipschitz functions are obtained(see [3][15]).
The purpose of this paper is to prove the sharp maximal function estimates for
the commutator associated with some integral operator with general kernel and the
weighted Lipschitz functions. As an application, we obtain the boundedness of the
commutator on weighted Lebesgue, Morrey and Triebel-Lizorkin space. The op-
erator includes Littlewood-Paley operators, Marcinkiewicz operators and Bochner-
Riesz operator.
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First, let us introduce some notations. Throughout this paper, @ will denote a
cube of R™ with sides parallel to the axes. For any locally integrable function f,

the sharp maximal function of f is defined by

#
M7 (f)(x) = = s |Q|/ |f(y) — foldy,

where, and in what follows, fo = |Q|™* fQ f(x)dz. Tt is well-known that (see

[12][28])
#
M7 (f)(x )~Zgriggg |Q|/ |f(y) — cldy.
Let
M) = s / o

M(|f1)M ().

For n > 0, let M, (f)(x) =
1 <r < oo, set

For 0 <n <1 and

1 1/r
My (Do) = 0 (et [ 1s0rdy)

The A, weight is defined by (see [12]), for 1 < p < oo,
1 Pt
A, ={we L. (R"): Sup ( / (x)dx) (/ w(x)_l/(p_l)dx> < o0
Q| Ql Jg

M(w)(z) < Cw(z),a.e.}.

and
Al = {w S Lloc(Rn) :

The A(p,r) weight is defined by (see [22]), for 1 < p,r < o0,

g ) (i o) <}

Given a non-negative weight function w. For 1 < p < oo, the weighted Lebesgue

space LP(w) is the space of functions f such that

s = ([ P <o

For 8 > 0, p > 1 and the non-negative weight function w, let Fpﬁ > (w) be the

weighted homogeneous Triebel-Lizorkin space(see [2][23]).
For 0 < B < 1 and the non-negative weight function w, the weighted Lipschitz

space Lipg(w) is the space of functions b such that

1
16l 2ip o :supi/ Ib(y) — boldy < oo.
Pale) =R w(Q)HHA N
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Remark. (1). It has been known that, for b € Lipg(w), w € A and z € Q,

|bQ - b2’“Q|Lip;a(w) < Ck||b|‘Lipﬂ(w)w(x)w(sz)ﬁ/n-

(2). Let b € Lipg(w) and w € A;. By [11], we know that spaces Lipg(w) coincide
and the norms [|b]| s, () are equivalent with respect to different values 1 < p < oco.
In this paper, we will study some integral operators as following(see [3]).
Definition 1. Let Fi(x,y) be defined on R™ x R"™ x [0,4+00) and b be a locally
integrable function on R", set

F(D@) = [ Flo) i)y

and

FY(f)(x) = / (b(x) — b(y))Fx(z, 9) (4)dy

n

for every bounded and compactly supported function f.
Let H be the Banach space H = {h : ||h|| < o0}. For each fixed z € R"™, we
view Fy(f)(x) and FP(f)(x) as the mappings from [0, +o0c0) to H. Set

T(f) (@) = [[E(f) )],
which T is bounded on L?(R™). The commutator related to F} is defined by
T (f)(@) = [ (£)()]]

and F; satisfies: there is a sequence of positive constant numbers {C%} such that
for any k£ > 1,

/2 el ‘(IIFt(x,y) — Fy(z,2)|| + [|Fu(y, ) — Fy(z,2)||)dz < C,

and

1/q
(/ ([|Fe(z,y) — Fe(x, 2)|| + || Fe(y, ) — Ft(zvff)ll)qdy>
2k |z—y|<|z—y| <2+t |z—y|

< CR2Mz -y,

where 1 < ¢ <2and 1/¢+1/¢ = 1.
Definition 2. Let ¢ be a positive, increasing function on R™ and there exists
a constant D > 0 such that

p(2t) < Dy(t) for t>0.

Let w be a non-negative weight function on R™ and f be a locally integrable function
on R™. Set, for 1 < p < o0,

1/p
1

fllere@) = sup 7/ f)Pw(y)dy ;

| £]|pse () e A\ o@ Q(m,d)l () [Pw(y)



140 Lanzhe Liu

where Q(z,d) = {y € R" : |x — y| < d}. The generalized weighted Morrey space is
defined by

Lp#p(RnHw) = {f € Llloc(Rn) : HfHLP*‘P(w) < OO}

If p(d) = d° & > 0, then LP¥(R" w) = LP(R",w), which is the classical
Morrey spaces (see [24][25]). If ¢(d) = 1, then LP*?(R™ w) = LP?(R",w), which is
the weighted Lebesgue spaces (see [6]).

As the Morrey space may be considered as an extension of the Lebesgue space,
it is natural and important to study the boundedness of the operator on the Morrey
spaces (see [6][9][10][16][21]).

It is well known that commutators are of great interest in harmonic analysis
and have been widely studied by many authors (see [26][27]). In [27], Pérez and
Trujillo-Gonzalez prove a sharp estimate for the multilinear commutator. The main
purpose of this paper is to prove the sharp maximal inequalities for the commutator.
As the application, we obtain the weighted LP-norm inequality, Morrey and Triebel-
Lizorkin spaces boundedness for the commutator.

2 Theorems

We shall prove the following theorems.

Theorem 1. Let T be the integral operator as Definition 1, the sequence
{kCy} el', we A1, 0<B3<1,¢ <s<ooand b€ Lipg(w). Then there exists a
constant C' > 0 such that, for any f € C§°(R"™) and Z € R",

MF(T())(@) < Cllbl|pip () w (@) (Mp s (£)(E) + Mps(T(f))()).

Theorem 2. Let T be the integral operator as Definition 1, the sequence
{28k} el we A, 0< < 1,¢ <s<ocand b€ Lips(w). Then there exists
a constant C' > 0 such that, for any f € C§°(R") and & € R",

sup |Q|1+ﬂ/n/ |Tb —00’d$
< CllbllLim(wW(iﬂ)Hﬁ/” (M, (f)(@) + Ms(T(f))(@)) -

Theorem 3. Let T be the integral operator as Definition 1, the sequence
{kCi} € 1Y, w e A1, 0 < B < min(l,n/q¢), ¢ <p<n/B,1/r =1/p— 3/n and
b € Lips(w). Then T? is bounded from LP(w) to L (w"/P~7(1+8/n)),

Theorem 4. Let T be the integral operator as Definition 1, the sequence
{kCr} el',we A;,0< D <2, 0< B <min(l,n/q¢),qd <p<n/B8,1/r=1/p—
B/n and b € Lipg(w). Then T? is bounded from LP+#(w) to L7 (w"/P~r(+8/m)),

Theorem 5. Let T be the integral operator as Definition 1, the sequence
{k28kCLy e 1Y, we Ay, 0 < B <min(l,n/¢), ¢ <p<n/B, 1/r= 1/p B/n and
b € Lipg(w). Then T® is bounded from LP(w) to F2°°(w"/P=(1+6/n)),
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3 Proofs of Theorems

To prove the theorems, we need the following lemma.

Lemma 1.(see [3]) Let T be the integral operator as Definition 1. Then 7 is
bounded on LP(w) for w € Ao with 1 < p < 0.

Lemma 2.(see [11][13]) For any cube @, b € Lipg(w), 0 < f < 1 and w € Ay,
we have

sup [b() = bl < CIIb|Lip, ) w(@) Q.

Lemma 3.(see [2][23]). For 0 < < 1,1 <p < oo and w € A, we have

1
S o /Q (@) — fold

HfHFfﬂw(w) ~
Lp(w)

~
~

1
supinfi/ |f(x) — c|dx
Q3 ¢ |QI'PI" g Lo (w)

Lemma 4.(see [12]). Let 0 < p < 0o and w € Ui<y<ooA,. Then, for any smooth
function f for which the left-hand side is finite,

M(f)(@)Pw()de < C | M*(f)(x)Pw(z)dz.
R R

Lemma 5.(see [22]). Suppose that 0 <n <n,l1 <s<p<n/n,1/r=1/p—n/n
and w € A(p,r). Then

|| My, (f)]

Lrwr) < Cllfllewr)-

Lemma 6.(see [7][12]) If w € A,, then wxg € A, for 1 < p < 0o and any cube
Q.

Lemma 7. Let 1 <7 <o00,0<n<00,0<D<2" we Ay and L™ (R", w)
be the weighted Morrey space as Definition 2. Then, for any smooth function f
for which the left-hand side is finite,

M ()] ey < CUMPE(F)] Lre o) -

Proof. Notice that wxg € A for any cube Q = Q(z,d) by [8] and Lemma 6,
thus, for f € L™?(R"™, w) and any cube @, we have, by Lemma 4,

/Q M) w@)ds = [ M(f) () w()xo(@)ds

R'n.

IN

C [ M*(f)(z) w(@)xq(x)ds

= O | M*(f)(x) w(x)dz,
Q
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thus

r 1/r
L x) w(z)dx b # () () w(x)de
(@(d) Jyo MO >d> SC(M L, e )d)

and
M ()]
This finishes the proof.
Lemma 8. Let 1 < p < oo,0< D < 2" w € A, T be the integral operator
as Definition 1 and LP¥(R"™, w) be the weighted Morrey space as Definition 2.
Then

Lme(w) < C||M#(f)|

Lme(w)-

T (H)|Lrewy < ClfllLre w)-
Lemma 9. Let 0 < D < 2", 1 <s<p<n/n 1/r=1/p—n/n, w € A(p,r)
and LP?(R"™, w) be the weighted Morrey space as Definition 2. Then

[[My, s (P e oy < Cl S|l Lre wr)-

The proofs of two Lemmas are similar to that of Lemma 7 by Lemma 1 and 5,
we omit the details.

Proof of Theorem 1. It suffices to prove for f € C§°(R™) and some constant
Cy, the following inequality holds:

Fix a cube Q = Q(z¢,d) and € Q. Write, for fi = fxa2q and fo = fx(2q)e,
F(f)(x) = (b(x) = ba@) Fo(f)(2) = Fy((b = b2g) f1) () — Fi((b — baq) f2) ().
Then

1l / [EL(F) () = Ful(bag — b) f2) (o)l dax

IN

1
|Q/ 1(b(z) — bao) F(f ><x>|dx+@/Q||Ft<<bb2Q>f1><z>||dx

g / IF((b = bg) o) ) = Fil(b = bag) o)) d
= Lh+L+1Is
For I, by Holder’s inequality and Lemma 2, we obtain

C 1/s
< sup ble) - bagliQI (/ (s |d:c>
|Q| z€2Q

wzQ S S— n 1/S
c|b|upﬁ<w>(|2g|@| R i o

w 14+8/n
Clblzin (M) Man(T(0)E)

ClIbl| Lipy (wyw (&) TP/ M (T (f))(2).

I

IN

IN

IN
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For I, by the boundedness of T', we get

Iy

IN

IN

<

<

( 5 [T bao) f1><x>|5dx)1 B

QI
1 b b 5d. v
¢ (17 .. 106) = o))
-1/ 15—/ ! v
CIQI* sup 1a) = bgl201 7 (o | e )

1+8/n
C1lbl zip ) (‘jg)) My (f)(@)

C118l] Lipp ) w(E) 77" My s () (%)

For I3, recalling that s > ¢/, we have

I3

IN

IN

IA

1

1Ql bly) = b ,y) — Fy(x0,y)||dydz

Q| /Q/(QQ)C (y) = bagllF (W[ Fe (2, y) — Fe(wo, y)lldy

1 oo

1Ql F -k b — bok+1 dyd
|Q‘ /Q;ékdéy—mo<2k+1d| t(x7y) t(on,y)m (y) 2 QHf(y)‘ yax

1 oo
v [ 1Fi(ey) = FuCoo,plllbaers — bagl £l dyde
QI Jq = Jora<|y—uo|<2t+1d

c oo 1/q
— /> / |1Fe(z,y) — Fi(zo,y)l|?dy
Q1 Jq = \V2rasiy—wol<2r+1a

1/q'
< sup |b<y>—b2k+lg|(/ If(y)lqdy) da
2k+1Q

ye2k+1Q

—|— 2 b l 1/q
C /

7‘; Q o / l t\ T, Y l t(Zo,Y Idy

‘ | k= | | < 2"'d<|y—rg0|<2k+1d H ( ) ( 0 )||

1/q
7 dx
([ lrwrra)

, w(2k+1Q)l+5/n

Czckmkd)_n/q |2k+1Q)|

k=1

1 1/s
X (WHW" /2k+1Q|f(y)| dy)

+C N Elb| gy ) w (@) w(25 Q)Y MO (28 d) T/ |21 Q|0 1 s gk g /o=
k=1

1 1/s
(g [, o)

18l i (|25 QUM 71 2L Qo=
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IN

2k+1 14+8/n
O|b||hpg<w>§jck( a) M@

) B/n
(2k+1Q)
+C1b]| Lips (wyw (T Zk (|2k+1Q|
=1

IN

C1b]| Lipy (wyw (@) Mg o (£)() Z(k +1)Cy
k=1

11l i (wyw(@) 07" M, () (&).

IN

These complete the proof of Theorem 1.

Proof of Theorem 2. It suffices to prove for f € C§°(R™) and some constant
Cy, the following inequality holds:

o /Q IT(f)(@) = Co| do < ClI Lipauyw(@) (M (£)(@) + M(T(F)) @)

Fix a cube Q = Q(zo,d) and Z € Q. Write, for fi = fx2q and fo = fx(2q)e,
F{(f)(@) = (0(x) = bag) F(f)(x) — Fo((b — bag) 1) () — Fo((b— bag) fo) ().
Then
1
Q|1+5/"/ 1EY () () = Fi((baq — ) f2) (wo)||dz

o 106~ b F(D@)lde + g [ 1FA6 ~ b))

|Q|1+g/n/ [1E:((b = b2@) fo) (x) = Fy((b = b2q) f2)(x0)[|d
= Il+[2+[3

IN

By using the same argument as in the proof of Theorem 1, we get

9 1-1/s s e
< o s o) = bgll@l ([ 17w

20)1+ 1/s
cnbmpﬁ(w)%m e ﬁ/"(@ / (s |dx)

w 1+8/n
C1lbl 2ips ) (gf)) ML(T()) ()

CI1Bl  ips (wyw(@) P M(T(f)) (%),

I

IN

IN

IN
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I

IN

1 1-1/s s e
W|Q| (/Rn T((b— b2) f1) ()| dw)
1/s
gl ([ 10) - gl )a

1/s
|Q|1+B/n|Q|1 1/s SU.p |b< )_bQQH Q'l/g <|2Q|/ | dl’)

w 1+6/n
C1lbl 2ip ) (gf)) M.()(#)

€004,
o [, o, 140~ bl F I, 9) = FiGo, )i

IN

IN

IN

IN

I3

IN

IA

Fi(x,y) — Fy(zo, y)|||b(y) — bar f(y)|dydz
|Q1+ﬁ/n/QZ/2dey—wol<2k+ld|| @) = Fi(zo,plPly) ~barniollf W)

. / / 1Fu(z,y) — Fulzo,y)llbaerio — baoll f(y)|dydz
|Q[1+A/m QkZ:1 2k d<|y—zo|<2k+1d ! ' e @

c 00 1/q
Ve TIENaI) [[Fi(z,y) — Fy(zo,y)||"dy
|Q[1+8/m /Q; </2kdgy—zo|<2k+1d ! !

1/q'
< sup |b<y>—bzk+1Q|(/ If(y)l"dy> d
2k+1Q

ye2k+1Q

1/q
bok —b / F x,y Fi(x Y qdy
Q|1+B/n/ 2 :| 2k+1Q 2Q| < 2hd<ly z0|<2k+1dH t( ) t(x0, )|

1/q'
q/
X(/2k+1Q|f(y)| dy) dx

/n N K —nyq WEETQ)THAM
clol~"/ ch@ d) MW

k=1

1 1/s
S - “d
(g [, )

+C1QIT™ Y T KlIbl| ipys () w(B)w(25 Q)P C (27d) T/ [2E 1 Q|
k=1

1 1/s
- sd
X (|2k+1Q 2k+lQ|f(3U)| 95)

%) ok+1 1+8/n
Clllpur 2" () MO
=1

IA

IN

||b| ‘Lipg(w) |2k+1Q‘1/q

IN

2k:+1 B/n
iy oy Zkzﬁkck( |2k+1QCf)) M, (f)(5)

oo

118l i wyw (@) M () (&) Y (K + 1)2°5C
k=1

C”b”szB(w)w( )H_B/nM (f)( )

IN

IA
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This completes the proof of Theorem 2.
Proof of Theorem 3. Choose ¢’ < s < p in Theorem 1, notice w"/P~"(1+8/1) ¢
Ay and w'/? € A(p,r), we have, by Lemma 1, 4 and 5,

TP ) g vty

< NIM(TP (P L rso-rcssrmy
< CIMFT(P)F || L orro-ritsrm)
< ClIBl| Lips ) (M, s (T )0 =iy
+\|Mﬁ,s(f)w1+ﬁ/n||Lr(wr/p—r<1+s/n>))
ClI0l Lips ) (1M s (TN e orrey + 1M s (Dl L orrv))
< Ol ips () T () Lo w) + 1 f [l e (w))
< Ol Lips ) 11 e (w)-

This completes the proof of Theorem 3.
Proof of Theorem 4. Choose ¢’ < s < p in Theorem 1, notice w"/P~7(1+8/n) ¢
Ay and w'/? € A(p,r), we have, by Lemma 7-9,

1T°(f)] | 7o (wr/p—rt8/m)

< ||M(Tb(f)>||LT=¢(wr/p=r(1+6/n))

< CUMFTP () F e urso-rcrsnrm)

< C||b|‘Lim(w)(||M6,s(T(f))w1+ﬁ/n| L (wr/p=r(1+8/n))
JFH]\4/3,5(f)’LUlJr’B/n||Lw(wr/p—r<1+ﬁ/n>))

= ClbllLips(w) (1IMp.s(TEDzre orry + 1 Mps ()l Lroe uorrvy)

< ClbllLips ) T ) Loe ) + [1F 1| oo ()

< Ollbllzips ) I ll e w)-

This completes the proof of Theorem 4.
Proof Theorem 5. Choose ¢’ < s < p in Theorem 2, notice that w"/?P~7(+8/7) ¢
Ao and w'/P € A(p,r). By using Lemma 3, we obtain

IN

Il IN

IAIA

(el Re——

C s e [ 1@ =T~ D )] de

Lr(wr/p—r(+8/m)
CI1Bl| Lipys ) (M (TN W™ | (im0

HI M (AW o r=ram )

CNOl Lips wy (IMAT D L ooy + 1M (P Lr (o rvy)

Cl16l] Lips () TN 2o ) + 1f 2o ()

ClIbll ipg () 1 F 1] 2o (w)-

This completes the proof of the theorem.
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4 Applications

In this section we shall apply the Theorems 1-5 of the paper to some particu-
lar operators such as the Littlewood-Paley operators, Marcinkiewicz operator and
Bochner-Riesz operator.

Application 1. Littlewood-Paley operators.

Fixed € > 0 and p > (3n + 2)/n. Let 9 be a fixed function which satisfies:

(1) Je (w)dz =0,

(2) [¥(@)] < O+ [a)= "+,

(3) [¥(x+y) —¥(z)| < Clyl*(1 + |2]) ="+ when 2y| < |xl;

We denote I'(z) = {(y,t) € Rfrl : Jx —y| < t} and the characteristic function
of I'(z) by xr(s)- The Littlewood-Paley commutators are defined by

e = ([T "

1/2
S5) = [ [ EOErEEs ]

o)) = [ /. (m;_y') Ff<f><x7y>|253ff] -

FY(f)(x) = / (b(z) — b(y))n(x — ) F (y)dy,

n

and

where

FY(f)(a.y) = / (b() — b(=)) F(2)e(y — 2)dz

n

and ¢ (x) =t "(x/t) for ¢ > 0. Set Fy(f)(y) = f * ¥+ (y). We also define

1/2

w0 = ([ IRO@EY)

1/2
Su(f)() = ( /] . B )

1)) = ( [ (=) m(f)@)ﬁffff)l/g,

which are the Littlewood-Paley operators (see [29]). Let H be the space

H = {h: |h]] = (/Ooo |h(t)|2dt/t>1/2 < oo}

and
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or

1/2
H= {h: IRl = (//R,LH |h(y,t)|2dydt/t"“> < 00}7
+

then, for each fixed z € R", FP(f)(z) and F?(f)(z,y) may be viewed as the mapping
from [0, +00) to H, and it is clear that

9o (@) = I (H @), 9 (f)@) = [F(H)II,

S () @) = [Ixea F (D)@l Su(H)(@) = ||[xrw B () ©)]]

and

t

nu/2 ,
tHH:—g}) F(f)(@,y)

() = H(

nu/2
 9u(f)@) = H (=) AW

It is easily to see that gzj, SZ) and gz satisfy the conditions of Theorem 1-5(see
[17-19]), thus theorem 1-5 hold for gl S and g,.

Application 2. Marcinkiewicz operators.

Fixed A > max(1,2n/(n +2)) and 0 < v < 1. Let ©Q be homogeneous of
degree zero on R™ with [g,_, Q(2)do(2’) = 0. Assume that Q € Lip,(S™~'). The
Marcinkiewicz commutators are defined by

e = ([ irners) ",

1/2
W () (@) = [ /] . |F£(f><x,y>|2fff§]

and
n\ 1/2
W () ) = [ [ (=) |Ff<f><x,y>|2fff§] ,
where
b _ ) — Qz —y)
O = [ )
and o )
b = ) — 0z ﬂ z)az.
B = [ 0w ) e
Set

Qx —y)
F - ST I d.
t(f) () /wqu |x—y|”‘1f(y) Y
We also define

e = ([T IRwrs) "
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0= < /). m(f)(y)?fffﬁ)m
(//Rnﬂ (t+x yl) lFt(f)(y)Pjﬁ;)l/Q,

which are the Marcinkiewicz operators(see [30]). Let H be the space

o= {h: h] = (/OOO |h(t)|2dt/t3>1/2 < oo}
H={h:|h|= (// h(y,t)| dydt/t"+3> - < o0

Then, it is clear that

() (@) = | (@)l pa(f)(@) = [|F(f)@)]],

and

or

WD) =[x BN, as()@) =[x B0
and
) B ¢ ni/2 , B ¢ n\/2
1)) = ‘(M) F(f)aw) ,m(f)(w)—H(M) R(H)

It is easily to see that ul, p% and uf satisfy the conditions of Theorem 1-5 (see
[17-18][30]), thus Theorem 1-5 hold for b, u% and pf.

Application 3. Bochner-Riesz operator.

Let & > (n—1)/2, BI(f)(€) = (1 = ¢} (&) and Bi(z) = t"B%(2/t) for
t > 0. Set

FL(f) (@) = / (b() — b)) B ( — ) f(v)dy,

n

The maximal Bochner-Riesz commutator is defined by
B (£)(z) = sup B (£)(@)]

We also define that
Bs.(f)(x) = sup |BJ (f)(x)]

>0
which is the maximal Bochner-Riesz operator(see [20]). Let H be the space H =

{h:||n]| = igg |h(t)] < oo}, then
By (N)@) = 1B, (N) @), BI(f)(@)=IB](f)(@)Il-

It is easily to see that Bf;”* satisfies the conditions of Theorem 1-5(see [17]), thus
Theorem 1-5 hold for Bg)*.
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