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TOPOLOGIES IN GENERALIZED ORLICZ
SEQUENCE SPACES

Enno Kolk

Abstract

In 1994 S.D. Parashar and B. Choudhary defined certain paranorms in
some Orlicz sequence spaces of Maddox type. Their ideas are applied later by
many authors for topologization of various generalized Orlicz sequence spaces.
We determine alternative F-seminorms in such spaces by using the standard
arguments of modular spaces theory and a result about the topologization of
sequence spaces defined by modulus functions.

1 Notation and background

Let N = {1,2,...} and let K be the field of real numbers R or complex numbers
C. We write lim,, sup,, inf, and > instead of lim, .., sup,cy, inf,en and
Yoo 1, respectively. By the symbol ¢ we denote the identity mapping ¢(z) = z. The
superposition of two mappings f and g is denoted by fg, i.e., (fg)(z) = f(g9(2)).
For two sequences x = (zx), ¥y = (yx) we use the notation xy = (xxyx) provided
that xpyx is determined for all k& € N. We also use the notation RT = [0, 00) and
er = (eix)ien (k € N), where ;5 = 1 if i = k and e;; = 0 otherwise. In all
definitions which contain infinite series we tacitly assume the convergence of these
series.

An F-space is usually understood as a complete metrizable topological vector
space over K. It is known that the topology of an F-space E can be given by an
F-norm, i.e., by the functional g : E — R with the axioms (see [20], p. 13)

(N1) ¢(0) = 0;
(N2) g(z+y) <g(x) +9(y) (2,y € E);
(N3) |o| €1 (¢ €K), z € E = g(azx) < g(z);
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(N4) lim, @, =0 (o, € K), z € E = lim,, g(anz) = 0;
(N5) g(z) =0 = x=0.

A functional g with the axioms (N1)—(N4) is called an F-seminorm. A paranorm in
E is defined as a functional g : E — R satisfying the axioms (N1), (N2) and

(N6) g(—z) =g(x) (=€ E);

(N7) limy, ap, = @ (o, @ € K), lim,, g(zp,—2) =0 (2,2 € E) = lim, g(apz, —
ax) = 0.

A seminorm in F is a functional g : E — R with the axioms (N1), (N2) and
(N8) g(azx) =|alg(x) (a€eK, x € E).

An F-seminorm (paranorm, seminorm) g is called total if (N5) holds. So, an F-norm
(norm) is a total F-seminorm (seminorm).

In the following, unlike the module | - |, the seminorm of an element x € F is
sometimes denoted by |ac|

Remark 1. [t is clear that every paranorm g with (N8) is an F-seminorm. Con-
versely, since (N3) yields (N6), and for lim, o, = «, because of (N2) and (N3), we
have

glanzn — ax) < 2(laf + 1)g(zn — ) + g((an — a)x)

for sufficently large values of n, any F-seminorm is a paranorm which satisfies (N3).
Thereby, F-seminorms coincide with paranorms satisfying axiom (N3).

Let X be a sequence of seminormed linear spaces (Xk,i . |k> (k € N) over

K. Then the set s(X) of all sequences x = (x), 2 € X (k € N), together
with coordinatewise addition and scalar multiplication is linear space (over K).
Any linear subspace of s(X) is called a generalized sequence space. In the case

(Xk,i : |k) = (X,]-]) (k€N) we write X instead of X, and if X, = K (k € N),
then we omit the symbol X in notation. So, for example, s denotes the linear space
of all K-valued sequences. As usual, linear subspaces of s are called sequence spaces.

A continuous and non-decreasing function ¢ : R™ — R is called a ¢-function
(cf. [30], p. 4) if
p(t) =0 < t=0.

A p-function ¢ is called a modulus function (or, briefly, a modulus) if
ot +u) < o(t) + ¢(u) (t,u € RT), (1)
and an Orlicz function if (1) is replaced by the condition of convexity

dlat + (1 —a)u) < agt) + (1 —a)p(u) (t,ue RT,0<a<1).
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For example, the function (P (¢) = t? is an unbounded modulus function for p < 1,
and it is an Orlicz function if p > 1. The function ¢(t) = ¢/(1 4+ t) is a bounded
modulus.

We remark that the modulus functions are the same as the moduli of continuity
(see [12], p. 866).

If p = (pr) is a sequence with 0 < pp < suppr < oo and X is a sequence of
seminormed linear spaces (X, | - |x), then we can define the generalized sequence
spaces

Koo(P,X) = {(Sck) S S(X) : Sgpixkﬁk < oo},
CO(an) = {(xk) € S(X) : 11]1;n|xkik — 0} ,

0(p,X) = {(ack) €s(X): Y juft < oo},
k

wo(p, X) = {(mk) € s(X): lirrlnnfl Z |xk§’“ = 0} .
k=1

In the case X = K (k € N) these spaces reduce to so-called Maddox sequence
spaces £ (P), co(P), £(p) and wo(p), respectively (see, for example, [19] or [28]). If
here p, =p (k € N), then we get well-known sequence spaces £, ¢o, £, and wh of
all bounded, convergent to zero, absolutely p-summable and strongly summable to
zero of index p sequences, respectively. As usual, in the case p = 1 we write £ and
wo instead of ¢1 and wy.

If M = max{1,supy, px}, then the functions t**/* (k € N) are moduli. There-
fore, using also the equivalences

R o ey

by Theorem 2 [23] we can define in ¢o(p, X) and ¢(p, X) the F-seminorms (or para-
norms)

1/M
oo (x) = sup [z [ and g (x) = (Z xkv,:’v) :
k
k

respectively. These F-seminorms are total if X is a sequence of normed spaces
(about the special case X = K (k € N) see [28]).

Let ® = (¢r) be a sequence of p-functions ¢5, (k € N) and let A C s be a

sequence spaces. For x = (z) € s(X) , using the notation |x| = (|:ck|), we write

O(|x[) = (¢k <|ffk|k)>
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and define the set
A (@,X) = {x€es(X): (Ip>0) &(]p'x|) € A}.

For a constant sequence ® with ¢ = ¢ (k € N), we write ¢ instead of ®.

Let ¢ be an Orlicz function. By an Orlicz sequence space we mean the Banach
sequence space £y = (7(¢) with the norm (see [27] or [30])

lully = inf {p >0: 3 6(lp uil) < 1}. (2)

k

Woo [42] showed that if ® = (¢y) is a sequence of Orlicz functions, then the set
Ly = £3(®) is also a Banach sequence space with the norm

luflo = int {p >0 gello M) < 1}. 3)

k

In the mathematical literature we may find a series of papers which deal with
various generalizations and modifications of ¢4 and {3, where the space ¢ is re-
placed by different sequence spaces including the spaces of Maddox type and do-
mains of various summability methods. For example, Parashar and Choudhary
[32] proved that the sets £(p)(¢) and wo(p)>(¢) are linear spaces if ¢ is an Or-
licz function and p = (pi) is a bounded sequence of positive numbers. Denoting
M = max{1,supy, pi}, they define in ¢(p)?(¢) the total paranorm

1/M
gw) = inf ppm/M:<Z<¢<|pluk|>>m> <1y, (4)

>0, meN
’ k

and in wo(p)?(¢) the total paranorm

1/M
gou) = _int ppm/M:sglp<n1Z<¢<|p1uk>>pk> <13 )

>0, meN
p %

We note that g and gg are also F-norms because of Remark 1.

The idea to topologize different generalized Orlicz sequence spaces by the para-
norms of types (4) and (5) is used later by many authors (see, for example, [1], [2],
3], 141, [5], [7], [8], 9], [10], [13], [14], [22], [31], [33], [35], [36], [37], [39]). Using the
standard arguments of modular spaces theory and a result about the topologization
of sequence spaces defined by moduli, we determine some alternative F-seminorms
(or paranorms) in these sequence spaces. It seems that our F-seminorms and norms,
in comparison with (4) and (5), are better connected to (2) and (3), and also to the
norms given in [16], [17], [25], [26], [30], [38], [40] and [41].
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2 Main theorems

Recall that a set E C s(X) is called solid if y = (yr) € E whenever x = (z3) € E
and |yx| < |zx| (k € N). Known solid sequence spaces are m, ¢, ¢, and wj.

Let T : 5,.(X) — s(X) be a linear operator, where s,.(X) is a linear subspace of
s(X).

As an extension of A¥(®, X) we consider the set
NB(®,T,X) = {x € 5,(X) : (3> 0) B(|p" ' Tx]) € A},

where A is a sequence space and ® is a sequence of p-functions. If T' is the identity
mapping, then we omit the symbol 7" in notation.

Theorem 1. Let X be a sequence of seminormed linear spaces (Xk» |- |k) (k e N),

A be a solid sequence space and T be a linear operator as defined above. If ® = (¢y)
is a sequence of Orlicz functions and ¥ = (Vy) is a sequence consisting of modulus
and Orlicz functions, then \>(V®,T,X) is a generalized sequence space. At that,
the generalized sequence space N> (¥®, X) is solid.

Proof. Let x € A3(V®, T, X) with U®(|p~!1Tx|) € A\, p > 0. If 0 # a € K, then
by |(pla|) 1T (ax)| = |(p~1Tx| we see that ax belongs to A>(¥®, T, X). Since x €
A (U@, T, X) clearly implies 0x € A\3(¥®, T, X), the homogeneity of \*(V®, T, X)
is proved.

To prove the additivity, let x,y € A\ (¥®,T,X). Then there exist positive
numbers p, o such that V& (|p~'Tx|) and ¥®(|oc~'Ty|) are in A\. Let Tx = (Tyx).
Because any ¢y is non-decreasing and convex, for § = max{2p,20} and all k € N
we have that

o (107 T(x + 9)1) < o (120) Tl + [(20) ' Tu(y]) o
<1721 (07 1) +1/20% (o ()i -

Now, if ¢ is an Orlicz function, then ¥y ¢y is also an Orlicz function, so (6) is true
(for this index k) with ¢y instead of ¢g. But if ¢y is a modulus function, then
from (6), by condition (1), for such index k we get

veon (167 T+ 9)]) < o (I L)) + o (o' T)]) . (@)
Hence (7) is true for all k € N. Since \ is solid, ¥®(|0~1T(x + y)|) must be in A

and, consequently, x +y € A\ (¥®, T, X).
The solidity of A?(¥®, X) follows by

Il < Jzx] = vron (ipflyki) < Yp i (ipflka (k eN),

because A is solid. O
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Recall that an F-seminorm g in A is called absolutely monotone if for any two
elements u = (ug), v = (vg) of A with |ug| < |vk| (k € N) the inequality g(u) < g(v)
holds.

In the following, using the standard arguments of theory of modular spaces (see
[30], proof of Theorem 1.5), we determine some F-seminorms in generalized Orlicz
sequence space A\2(®, T, X).

Theorem 2. Let ® = (¢i) be a sequence of Orlicz functions and let A be a solid
sequence space. If X is topologized by an absolutely monotone F-seminorm g, then

h(x) = inf{p > 0: g(@(]p~'Tx])) < p}

is an F-seminorm in \3(®,T,X). If g is an absolutely monotone seminorm in X,
then

h(x) = inf{p > 0: g(®(|p~'Tx])) < 1}

is a seminorm in \2(®, T, X). Moreover, if all spaces X (k € N) are normed and
T satisfies the condition

Tx=0 = x=0, (8)

then h is an F-norm (h is a norm) in \3(®,T,X) whenever g is an F-norm (a
norm) in .

Proof. Let x € \3(®,T,X) with ®(|p~'Tx|) € A, p > 0. Since the functions ¢;, are
convex and g is an absolutely monotone F-seminorm in solid sequence space A, for
0<a<l, &(ap~!Tx]|) also belongs to A and

9(®(Jap™' Tx|)) < gla®(|p™ Tx])). 9)

This shows, because of (N2), that the functionals h and h are determined in
I7(®,T,X). Moreover, it is clear that h(0) = 0 and h(0) = 0.
Further, since T is linear and the functions ¢, are non-decreasing and convex,
by (N3) we get
9(@(Ip~ ' T(ax)])) < g(@(Ip~'Tx])) (Jaf <1) (10)
which implies

{p>0: g(®(lp~'Tx])) < p} € {p > 0: g(@(lp~ " T(ax)])) < p}.

Therefore,
h(ax) <h(x) (Ja| <1).

Now, let x, y € A3(®,7,X) and £ > 0. If s = ﬁ(x) +e,t= E(y) + ¢, then

g(@(|s™'Tx[)) <5, g(@(lt™'Tyl]) <t,
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whence

<s-+t

in the case of F-seminorm g. Hence h(x +y) (x) + h(y) + 2, and we obtain

< E X
+ h(y),
because € > 0 is arbitrarily. But if g is a seminorm, then, denoting s = h(x) + ¢,
t=h(y) +e¢, by

h(x+y) < h(x)

g(@(sTITx]) <1, g(@(|t Tyl) <1

o(+([5557) = 0 (= ()
e (7))

h(x+y) < h(x) + h(y).
To prove (N8) for h, we take o # 0. Then

h(OéX)—inf{p>0:g(¢)<‘T(;zx)

|a|inf{£| >0:g (@ (’p:/r;'
= || h(x).

we similary get

Tx
s

+

<1

which gives

IN

i
)=}

Next we show that /& and h are total whenever all spaces X, (k € N) are normed

with the norms || - ||, operator T satisfies (8) and g is total. Since h(x) = 0 implies
h(x) = 0, it suffices to prove that h satisfies (N5) if g satisfies. If now h(x) = 0,
then

(¥ > 0) g(®(1pTx]) < 1. (11)

If we suppose x # 0, then also Tx # 0 by (8), and there exists an index j with
T;x # 0. So, because A is solid, the norm g is absolutely monotone and ¢; is
unbounded, ¢;(p~!||T;x||;)e; belongs to A and for sufficiently small p we get

9(@(lp~'Tx)) = ¢;(p~ | Tyxll;)g(e;) > 1

contrary to (11). Consequently, it must be x = 0. O
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In the case of the identity operator T the following somewhat stronger version
of Theorem 2 is true.

Proposition 1. Let ® = (¢y) be a sequence of Orlicz functions and let \ be a solid
sequence space which is topologized by an absolutely monotone F-seminorm g. Then

h(x) = inf{p > 0: g(®(|p~"x|)) < p}

is an absolutely monotone F-seminorm in generalized sequence space N> (®,X). If
g s an absolutely monotone seminorm, then

h(x) = inf{p > 0: g(®(|p~'x[)) <1}

is a seminorm in \7(®,X). At that, if all spaces X}, (k € N) are normed, then h
is an F-norm (h is a norm) in \3(®,X) whenever g is an F-norm (a norm) in .

Proof. By Theorem 2, % is an F-seminorm (or F-norm) and h is a seminorm (or
norm) in A3 (®,X). Since

2] < ] = o (ip_lxki) < ¢ (ip_lyki) (k € N),
and g is absolutely monotone, one has

{p>0:g(@(p~'y])) <p} C{p>0:g9(@(p %)) <p},
{p>0:g(®(p~'yl)) <1} C{p>0:g(2(]p~'x])) <1}

Consequently, h(x) < h(y) and h(x) < h(y) whenever |z;| < [yx] (k € N), ie., h
and h are absolutely monotone. O

We remark that Ghosh and Srivastava [18] defined the norm h in generalized
sequence space A\7(¢,X), where ¢ is an Orlicz function and X is a sequence of
Banach spaces.

3 Applications and corollaries

Almost all generalized Orlicz sequence spaces from the papers cited at the end
of Section 1, are related to concrete methods of summability. The most common
summability method is a matrix method defined by an infinite scalar matrix A =
(ank). If for a sequence x € s(X) the series A,x = )", anrxr (n € N) converge
and the limit lim,, A,x = [ exists in X, then we say that x is summable to | by the
method A. A summability method A is called regular in X if for all convergent in
X sequences x = (zj) we have,

limzy =1 — limA,x=1.
k n
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Tt is known that a matrix method A is regular in K if and only if (see, for example,
[11], Theorem 2.3.7)

JA]| = sup > _ |ank| < oo, (12)
"ok
limap, =0 (k€N), (13)

lim > " api = 1. (14)
k

It turned out that conditions (12), (13) and (14) characterize the regularity of A also
in any Banach space X and, generally, in any sequentially complete locally convex
Hausdorff topological vector space X (see [21] and [29]). A well-known example of
a regular matrix method is Cesaro method C; defined by the matrix C; = (cpi),
where, for any n € N, ¢, = n~tif k <n and c,; = 0 otherwise. A (trivial)
regular method is defined by unit matriz I = (ing), inn = 1 and i, = 0 for n # k.

Let A = (ank) be a non-negative matrix, i.e., anx > 0 (n,k € N). We say that
A is column-positive if for any k € N there exists an index ny such that a,, > 0. A
sequence u = (uy) € s is called strongly A-summable to lif limy, )", anklur —1| =0,
and strongly A-bounded if sup,, Y, anklug| < oo. It is clear that the set wg(A)
of all strongly A-summable to zero sequences and the set ws(A) of all strongly
A-bounded sequences are linear spaces. Moreover, the functional

g, (u) =sup g A |uk|
n
k

is a seminorm in ws,(A) and wy(A), it is a norm if A is column-positive.
More generally, if 1 is a solid sequence space, then the set

p(A) = {u= (ug) € s: (Anluf) € p}

is also a solid sequence space. Moreover, if u is topologized by an absolutely mono-
tone F-seminorm (seminorm) g, then in u(A) we may define an absolutely monotone
F-seminorm (seminorm) by the equality

9. (w) = g (Aful),

where Alu| = (4,|u]). At it, g, is an F-norm (norm) in u(A) if ¢ is an F-norm
(norm) in g and A is column-positive. It should be noted that the set p(A) is
non-trivial (i.e., it contains nonzero elements) only if (ank)nen € p for some k € N.
In particular, the set wg(A) is non-trivial if (13) holds for some k.

As a generalized Orlicz sequence space connected with strong summability we
consider the set

PP (A,19,X) = {x € s(X) : (3p > 0) WD(|p~'x]) € u(A)},
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where u C s is a solid sequence space, A is a non-negative matrix, ® is a sequence
of Orlicz functions and ¥ is a sequence of p-functions. Moreover, if B = (by;) is an
arbitrary summability matrix, then we define also the set

P2 (A, 0 B, X)={x€s(X):(3p>0) Ud(|p 'Bx|) € u(A)}.

Let us denote by
sp(X) = {x € s(X) : series Bpx = ankxk (n € N) converge in X}
k

the application domain of the matrix method B. Then the operator B : s,(X) —
s(X), Bx = (B,x), is linear. Consequently, since u?(A, ¥®, X) and p7(A, V@, B, X)
are defined as the sets \3(¥®, X) and A\ (V®, 7T, X) with A\ = u(A) and T = B,
from Theorem 1 we immediately get the following proposition about the linearity
of p? (A, ¥®,X) and (A, Ve, B, X).

Proposition 2. Let ® be a sequence of Orlicz functions, and let ¥ be a sequence
consisting of modulus and Orlicz functions. If p C s is a solid sequence space
and A = (ank) is a non-negative matriz, then p>(A,V® X) is a solid gener-
alized sequence space. Moreover, if B is an arbitrary summability matriz, then
p (A, V®, B, X) is a generalized sequence space.

We apply Proposition 2 in the case if ¥ is the sequence ZP = (/P*) of ¢-functions
Pk (t) = tP*, where (px) is a sequence of positive numbers.

Corollary 1. Let p = (px) be a sequence of positive numbers. If ®, u, A and B
are the same as in Proposition 2, then

MH(A,p,@,X):{xes( ):(3p>0) (Zank (¢k (\p 137/c|)> ) Eu}

s a solid generalized sequence space and

17 (A,p,®, B, X)

:{xes( ): (3p>0) <Zank (@ <p 1Zb,ﬂxz>> > eu}

s a generalized sequence space.

In [2], [4], [5], [7], [9], [10], [13], [14], [22], [31], [32], [35] and [36] the authors prove
the linearity of 7 (A, p, ®,X) and p° (A, p, ®, B, X) (mostly for yu € {£, 4y, co} and
some concrete matrices A, B) under the assumption that the sequence p is bounded.
Our results show that these sets are linear spaces also for unbounded sequence p.

To describe the topologies for the sequence spaces given above we need some
results about the topologization of generalized sequence space

p(¥, X) = {x € s(X): U(|x|) € p} (15)
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defined by a sequence space pu and by a sequence ¥ = (1)) of modulus functions.
Also a lemma on the AK-property of (1(A) is necessary.

Recall that the mth section of a sequence u = (uy) is defined by ul™ =
>or urer. An F-seminormed sequence space (), g) is called an AK-space if A
contains the sequences e; (k € N) and lim,, ul™ = u for any u € A. Well-known
AK-spaces are ¢o with the norm ||ul|e = supy, |ux| and £, (p > 1) with the norm

1
lallp = (3 fusl?)
The following proposition was proved in [34] and [23].

Proposition 3. Let (u,g) be an F-seminormed (or a paranormed) solid sequence
space. If g is absolutely monotone and the sequence of modulus functions ¥ = ()
satisfies one of equivalent conditions

(M1) There exist a function v and a number § > 0 such that ¥y (ut) < v(u)g(t)
(0<u<d, t>0) and limy, o4 v(u) =0;
. Yy (ut)
M2) lim sup su =0,
R S A ey
then

94 (%) = g(¥([x])) (x € pu(¥,X))

defines an absolutely monotone F-seminorm (or a paranorm) in solid generalized
sequence space (W, X). If (i, g) is an AK-space, then g, is an absolutely monotone
F-seminorm in u(¥,X) for an arbitrary sequence ¥ of moduli, and (u(¥,X),g,)
is an AK-space. If the spaces Xy, (k € N) are normed and g is an F-norm, then
gy 8 an F-norm in p(¥,X).
Lemma 1. Let A be a non-negative matriz such that (ang)nen € p for any k € N.
If (1, 9) is an F-seminormed AK-space such that g is absolutely monotone, then
(u(A),9,) is an F-seminormed AK-space. At it, if g is an F-norm (a norm) and
A is column-positive, then (u(A),g,) is an F-normed (a normed) AK-space.
Proof. The assumption (an)n € p (k € N) is equivalent to {e; : k € N} C u(A4).

Let u € p(A). Then the sequence Alu| is in p and, since (u, g) is AK-space,

lim g (A|u| - A|u|[m])
(16)

m
:117¥lng 07‘..,07Zam+1’k|uk|,... =0.
k

To prove that lim,, ul™ = u, we use the inequality

g (u— u["ﬂ) < ig < i ank|uk|en>

n=1 k=m+1

—_—— &
+g 0,...,0, Z i1 k| Uk, - - -
k=m+1

=G + G
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Let € > 0. Because g is absolutely monotone,
G2, < g (Alul = Aful™),
and by (16) we get lim,,, G2, = 0. Thus there exists a number my € N with

G? <e/2.

mo,mMo

Now, since the series ), ank|ui| converge, we can fix m; > mg such that, for any
m > ma,

1
Gongm < €/2.
Hence, using also the inequalities G, ,, < G2, ... (m > my), we have that
Ga (u - u[m]) S Grpm + Gongom <€/2+¢/2=c¢

if m > m;. Consequently, lim,, g, (u — u[m]) =0, i.e, lim, u™ =uin p(4). O

Now we can determine F-seminorms in generalized Orlicz sequence spaces

(A, ¥®, B, X) and p° (A, ¥, X).

Proposition 4. Let ® be a sequence of Orlicz functions, p be a solid sequence
space, A = (ank) be a non-negative matriz and B be an arbitrary matriz. For a
sequence ¥ of modulus functions which satisfies one of conditions (M1) and (M2),
the following is true:

(i) If g is an absolutely monotone F-seminorm in w, then

hy (x) =inf {p>0:g(A(V(]p'Bx|)) < p}

is an F-seminorm in p° (A, ¥®, B, X);

(ii) If the space X is normed, matriz A is column-positive and g is an absolutely
monotone F-norm in u, then 71\1, is an F-norm in p?(A, ¥®, B, X) whenever the
operator B satisfies (8).

If (u,g) is an AK-space with respect to the F-seminorm (F-norm) g and A is
such that (ank)nen € 1 (k € N), then the statements (i) and (i) are true for an
arbitrary sequence ¥ of modulus functions.

In the case B = I, all previous statements hold for the space u>(A, V®, X) with
absolutely monotone E\I,

Proof. The set u?(A,p, ¥®, B, X) we may consider as the set \7(®,T, X), where
A = p(A)(T) is the sequence space of type (15) and T = B. So, if we topologize
A on the basis of Proposition 3, then our statements follow by Theorem 2 and
Proposition 1 in view of Lemma 1. O
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Next we apply Proposition 4 to the sequence spaces u?(A,p,®,B,X) and
12 (A, p, ®,X) in the case of bounded sequence p = (pz).

Proposition 5. Let &, u, A and B be the same as in Proposition 4. Let p = (pi)
be a bounded sequence of positive numbers. If infy pr > 0, then the following is
true:

(i) If g is an absolutely monotone F-seminorm in p, then

lAzp(x) =inf{p>0:¢g (A (® (|plex|))p> < p}

(o ) ) o

is an F-seminorm in u°(A,p,®, B, X);

(i1) If the space X is normed, matriz A is column-positive and g is an absolutely
monotone F-norm in pu, then Ep is an F-norm in ﬂH(A,p, ®, B, X) whenever the
operator B satisfies (8).

If (p, g) is an AK-space with respect to the F-seminorm (F-norm) g and A is
such that (ank)neny € p (k € N), then the statements (i) and (ii) are true without
the restriction infy pr > 0.

In the case B = I, our statements hold for u? (A, p, ®,X) with absolutely mono-
tone iALp.

Proof. Since the functions P+ are not moduli for p; > 1, we introduce new sequence
r = (ry) of numbers r, = pp/M (k € N), where M = max{1, sup,, pr}. Then the
functions ™ are moduli for any & € N. In addition, the sequence " = (."*)
satisfies (M2) if and only if inf, pr > 0, since (M2) reduces to lim, o4 sup; u™ =0
in this case. Thus, since ®M = (UM) WM (¢) = (T, (t))", is the sequence of Orlicz
functions and p7 (4, p, ®, B, X) is precisely the space 7 (A, Z*®M, B, X), it suffices
to apply Proposition 4. O

Corollary 2. Let ®, p, A and B be the same as in Proposition 5. If g is an
absolutely monotone F-seminorm in u, then

hi(x) =inf{p>0: Z Zank <¢k <ipl Zbkﬂ{)) < p}
n k A

is an F-seminorm in (7(A,p,®, B, X) whenever the series Y., an, (k € N) con-
verge, and

Pk
}L\OO(X) =inf{p >0 Supzank <¢k (ip_l Z bmfﬂz|>> < p}
"ok i

is an F-seminorm in cy (A, p,®, B, X) whenever A satisfies (13). Moreover, if
infy, pr > 0, then ﬁoo s an F-seminorm in Zooa(A,p7 ®,. B, X).

If the space X is normed, g is an absolutely monotone F-norm in u, matrizv A
is column-positive and B satisfies (8), then hy1 and hoo are F-norms.
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Proof. Since £, - ||1) and (co, || - ||o) are AK-spaces but ({oo, || - ||so) is not, the
statements of corollary follow from Proposition 5. O

The authors of [1], [3], [4], [5], [6], [7], [8], [9], [10], [13], [14], [32], [35] and
[36] defined paranorms of type (4) and (5) in some spaces p>(A,p,®,X) and
p? (A, p,®, B, X) with p € {(, {s, co}. Ozdemir and Solak [31] defined the same
type paranorm in (D, p, ¢, X), where D = (dy;) with d, = k7, s > 0 and
dr; = 0 otherwise. Alternatively, Proposition 5 and Corollary 2 allow us to use
F-seminorms of type hp by topologization of these spaces.

A sharpened version of Proposition 5 is possible in the case if A is the unit
matrix I.

Proposition 6. Let ® be a sequence of Orlicz functions, ¥ be a sequence of ¢-
functions and B be a summability matriz. Let pu and X\ be solid sequence spaces,
where X is topologized by an absolutely monotone seminorm g’. If

(1) =1 (keN), (17)
n(¥) C A (18)
and
g'(w) <1 <= |u| <1 (keN), (19)
then
hp(x) =inf {p>0:9" (V® (|p~"'Bx[)) <1}
and

h(x)=inf{p>0:g" (®(|p~"'Bx|)) <1}

are seminorms, with hy = h, in u>(V®, B, X). Thereat, hp and h are norms if X
is normed, g’ is an absolutely monotone norm in A and B satisfies (8).

Proof. By Theorem 2 (with T = B) we see that h is a seminorm in \?(®, B, X).
At it, h is a norm in p?(®, B, X) if g’ is an absolutely monotone norm in A, X is
normed and B satisfies (8). Further, by (17) we have
Yp(t) <1 <= t<1 (teR" keN).
So, using also (19), we get that hp(x) = h(x) for any x € A3 (®, B, X). Since
p2(T®, B, X) C \(®, B, X)

because of (18), hp and h are seminorms (norms) also in p2(V®, B, X). O
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Corollary 3. Let ® be a sequence of Orlicz functions, B be a summability matriz
and p = (px) be a sequence of positive numbers. Then

Pk
hoop(X) = inf {p >0:sup <¢k (ipl me)) < 1}

hoo(x) = inf > 0:su [pt bixi. <1
(%) {P kp¢k <|P 21: k |> }

are seminorms, with hep = he, in generalized Orlicz sequence space
co>(p, ®, B, X). Thereat, hoo,p and hoo are norms if X is normed and B satis-

fies (8).

Proof. By Corollary 1 the set ¢y (p, ®, B, X) is a generalized sequence space. Fur-
ther, Theorem 4 [24] shows, because of

and

Pe(1) =17 =1 (k € N),

that

Co (p) Cloo.
Since, besides this, the norm || - ||oo in ¢o satisfies (19), we can apply Proposition
6Wlth‘U:CO7>\:€OO and\l}:(l/pk)' D

In summability theory an infinite matrix A = (anx) is called normal if a,, =0
for kK > n and a,, # 0. For example, unit matrix I and Cesaro matrix C; are
normal. If (vg) is a given scalar sequence, then the matrix D(vg) = (dg;), where
drr = v and di; = 0 otherwise, is known as diagonal matriz. It is clear that
a diagonal matrix D(vy) is normal if vy # 0 for any k& € N. In connection with
applications of Propositions 4 — 6 and Corollaries 2 and 3 it is essential to remark
that every non-negative normal matrix A is column-positive and the summability
operator B, defined by a normal matrix B, satisfies (8).

In [4], [7], [14], [35], [36] and [39] the authors considered the spaces of type
12 (A, p,®, B, X), where the matrix A is column-positive and the matrix B is related
to difference sequences. For fixed m,r € N the difference operator A)"* is defined by
(see [36])

ATx = (AMzy), AMzp = A" oy, — A™ . Al =2, (k€N).
If r = 1, then A reduces to the difference operator A™ introduced in [15].

Since .
(n
Aty = Z(—l)l<i)xk+ri (k €N),

=0

AT is the summability operator defined by the difference matriz A]" = (x;), where
oj = (=) (T")if j =k+ri, (0<i<m,keN)and ; =0 otherwise. It is not
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difficult to see that (19) fails for difference operators A. Therefore, Proposition
5 allows not to define F-norms in generalized sequence spaces 1 (A, p, ®, A™, X).
To overcome this difficulty we introduce a new class of summability matrices which
contains all difference matrices.

Let m € N be fixed. We say that an infinite scalar matrix B = (by;) is m-normal
if, for any k € N, by, pm 7# 0 and by; = 0 if ¢ > k 4+ m. For example, the difference
matrix A" is rm-normal and A™ is m-normal. Now, if the matrix B is m-normal,
then Bx = 0, x € sg(X), implies x = 0 whenever z; = -+ = x,,, = 0. This
approach and the definitions of paranorms from [14], [35], [36] and [39] lead us to
the following modification of Proposition 5.

Proposition 7. Let ®, u, A and B be the same as in Proposition 4. Assume
that B is m-normal and p = (pi) is a bounded sequence of positive numbers. If
infg, pi, > 0, then the following is true:

(i) If g is an absolutely monotone F-seminorm in p, then

hp(x) = i |z +inf{p>0:g (A ((<I> (Ip‘lBX\))p)) <p}

is an F-seminorm in u° (A, p,®, B, X);

(i) If the space X is normed, matriz A is column-positive and g is an absolutely
monotone F-norm in p, then 7Lp is an F-norm in u7(A,p, ®, B, X).

If (i, 9) is an AK-space with respect to the F-seminorm (F-norm) g and A is
such that (ank)neny € p for any k € N, then the statements (i) and (ii) are true
without the restriction infy pi > 0.

Proposition 7 and Corollary 4 determine alternative topologies for the difference
sequence spaces from [2], [7], [14], [22], [35], [36] and [39].

Stronger versions of Propositions 5 and 7 hold in the case if p = (pg) is a
constant sequence with p, =1 (k € N).

Proposition 8. Let ® be a sequence of Orlicz functions, p be a solid sequence
space, A = (ank) be a non-negative matriz and B be an arbitrary matriz. Then the
following is true:

(i) If g is an absolutely monotone seminorm in u, then

hg(x) = inf {p >0:g (A <<I> (\p_leD)) < 1}

(B3]

is a seminorm in p> (A, ®, B, X);

(i) If the space X is normed, matriz A is column-positive and g is an absolutely
monotone norm in w, then h, is a norm in pa(A,CI),B,X) whenever the operator
B satisfies (8).

If B =1, then all previous statements hold for the space p>(A, ®,X) with abso-
lutely monotone h, .
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Proof. As it was remarked above, u(A) is a solid sequence space which is topologized
by an absolutely monotone seminorm (norm) g, (u) = g (4|u|) if g is an absolutely
monotone seminorm (norm and A is column-positive). Similarly to the proof of
Proposition 4, interpreting u7 (A, ®, B, X) as the space A (®, T, X) with A = u(A)
and T'= B, we may apply Theorem 2. O

Proposition 9. Let &, u and A be the same as in Proposition 8, and let B be an
m-normal matriz. Then the following is true:
(i) If g is an absolutely monotone seminorm in p, then

ho(x) = 3l +inf{p > 0 g (A(® (o7 Bx)))) < 1}

‘$J| +inf{p>0:g ((Z Ank Pl <.P_1 Z bkz$1|>>> <1}

.

1

J

is a seminorm in p= (A, ®, B, X);
(i) If the space X is normed, matriz A is column-positive and g is an absolutely
monotone norm in p, then h, is an norm in pu=(A, ®, B, X).

Based on Proposition 9, we may state a modified variant of Corollary 3.

Corollary 4. Let ® be a sequence of Orlicz functions, B be a summability matriz
and p = (px) be a sequence of positive numbers. If B is m-normal, then

m Pk
Poop(x) = |;] + inf {p > 0:sup (m (ip—1 Z%M)) < 1}

j=1
and
~ m . . . .
hoo (%) = Y |y +inf{p >0:sup gy <|p_1zbkixi|) < 1}
j=1 i
are seminorms, with Eoo,p = Eoo, in generalized Orlicz sequence space

co?(p, ®, B, X). Thereat, Eoo,p and heo are norms if X is normed.

Proposition 8 generalizes the results about the topologies in various Orlicz
sequence spaces given in [16], [17], [26], [40], [41] and [42]. A space of type
p2(A, ¢, B,X) with the m-normal matrix B = A™ is studied in [38]. Corol-
lary 4 determines alternative topologies in a generalized difference space of type
co”(p, ®, B, X) with B = A™ from [36].

Remark 2. If both A and B are non-negative matrices, then we may define the
generalized Orlicz sequence space of absolute type

N[A, 03, B, X] = {x € s(X) : (Ip > 0) A(TB(p~"Blx|)) € \}
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and its special variant i>[A, p, ®, B, X]. For B = I it is possible to define also the
spaces of absolute type \3[A, ¥®,X] and N\3[A,p, ®, X], but they clearly coincide
with the spaces A (A, ¥®, X) and (A, p, ®,X) considered below. It is not difficult
to see that all our results remain true for these space of absolute type. For example,
if (Xk,|l-|le) (k € N) are normed spaces, A is column-positive and B is normal,
then the generalized Orlicz sequence space

(A[A,®, B, X]
= {x €s(X):(Ip>0) ZZanmk (Z bkz‘”Pll’z‘Hk) < OO}
n k [

18 a normed space with the norm

h@(X) = inf {p >0: Zzankqf)k (Zbki|plx1‘”k> < 1} .
n k 7

Kubiak [25] considered the space ([, ¢, C1] named as Cesaro-Orlicz sequence space.
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