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ON I-ALEXANDROFF AND 7,-ALEXANDROFF
IDEAL TOPOLOGICAL SPACES

Erdal Ekici

Abstract

In this paper, the notions of I-Alexandroff and I4-Alexandroff ideal topo-
logical spaces are introduced and studied. Also, characterizations and prop-
erties of I-Alexandroff and I,-Alexandroff ideal topological spaces are inves-
tigated.

1 Introduction and preliminaries

Alexandroff spaces were first studied by Alexandroff [2]. It is a topological space in
which arbitrary intersection of open sets is open. Equivalently, each singleton has a
minimal neighborhood base. Alexandroff spaces have important attentions because
of their use in digital topology [10], [14]. In 1998, Arenas et al. [3] introduced and
studied generalized Alexandroff topological spaces. Moreover, in 2000, Arenas et al.
[4] studied some weak separation axioms related with Alexandroff topological spaces.
It is known that any intersection of open sets is g-open in a generalized Alexandroff
topological spaces [3]. It is shown in [3] that any Ty g-Alexandroff space is locally
path-connected, first countable, orthocompact and that in any T% g-Alexandroff
space, the notions of path-connectedness, connectedness and chain-connectedness
coincide. Furthermore, Arenas et al. [3] introduced that in digital topology, Khal-
imsky line [9, 11], various problems are related with generalized Alexandroff spaces.
In this paper, the notions of I-Alexandroff and I,-Alexandroff ideal topological
spaces are introduced and studied. Moreover, characterizations and properties of
I-Alexandroff and I,-Alexandroff ideal topological spaces are discussed.

In this paper, (X,7) or (Y,0) denote a topological space with no separation
properties assumed. C1(S) and Int(S) denote the closure and interior of S in
(X, 1), respectively for a subset S of a topological space (X,7). An ideal I on a
topological space (X, 7) is a nonempty collection of subsets of X which satisfies

(1) SeIand K C S implies K € I,

(2) SeTland K € I implies SUK €T [12].
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For a topological space (X, 7) with an ideal I on X, if P(X) is the set of all
subsets of X, a set operator (.)* : P(X) — P(X), said to be a local function [12] of
S C X with respect to 7 and I is defined as follows:

S*(I,7)={z e X :NNS ¢Iforevery N € 7(x)} where 7(z) ={N e7:2 €
N}.

A Kuratowski closure operator C1*(.) for a topology 7*(I,7), said to be the
*-topology and finer than 7, is defined by CI*(S) = SUS*(I, 1) [8]. We will briefly
write S* for S*(I,7) and 7* or 7*(I) for 7*(I,7). For an ideal I on X, (X,7,I)
is said to be an ideal topological space or briefly an ideal space. For an ideal
topological space (X, 7,I), the collection {S\N : S € 7 and N € I} is a basis for
* [8].

A subset S of a topological space (X, 7) is said to be g-closed in (X, 7) [13] if
Cl(S) C V whenever S C V and V is open in (X, 7). A subset S of a topological
space (X, 7) is called g-open in (X, 7) [13] if X\ S is g-closed. A subset S of an ideal
topological space (X, 7,1) is said to be x-dense in itself [7] if S C S*.

Definition 1. A subset S of an ideal topological space (X, 7,I) is said to be

(1) Ig-closed [6] in (X,7,I) if S* C N whenever S C N and N is open in
(X,7,1I).

(2) I,-open [6] in (X, 7,1I) if X\S is I;-closed.

Theorem 1. [15] For a subset S of an ideal topological space (X, 7,I), S is I,-open
if and only if N C Int*(S) whenever N C S and N is closed in X.

Theorem 2. [15] For an ideal topological space (X, 7,I) and S C X, the following
properties are equivalent:

(1) S is Iz-closed,

(2) C1*(S) C N whenever S C N and N is open in X.

Definition 2. A topological space (X, 7) is said to be
(1) Alexandroff [2] if any intersection of open sets is open.
(2) generalized Alexandroff [3] if any intersection of open sets is g-open.

2 [-Alexandroff and I;,-Alexandroff ideal spaces

Definition 3. An ideal topological space (X, 7, I) is said to be I-Alexandroff if any
intersection of open sets is x-open.

Theorem 3. Let (X,7,1) be an ideal topological space. The following properties
are equivalent:

(1) (X, 7,1) is I-Alexandroff,

(2) any union of closed sets in (X, 7,1) is x-closed.

Proof. Tt follows from the fact that the complement of a x-open set is x-closed. [

Definition 4. An ideal topological space (X, 7,I) is called I,-Alexandroff if any
intersection of open sets in (X, 7, I) is I5-open.
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Theorem 4. Let (X,7,I) be an ideal topological space. If there exists a point
x € X such that © has only x-neighborhood which is X itself, then (X, 7,I) is an
14-Alexzandroff ideal space.

Proof. Suppose that there exists a point € X such that = has only x-neighborhood
which is X itself.

Let {K;:i € I} is a family of open sets in (X, 7,I) for each i € I. We take
K= QIK, Let M C K and M be a closed set.

Suppose that M = (). Then we have M C Int*(K).

Suppose that M # . If M = X, then M C K = X. Hence, M C Int*(K).
If M # X, then X\ M is an open set. It follows that x ¢ X\M and then z € M.
Since M C K, then = € K; for each ¢ € I. Since = has only x-neighborhood which
is X itself, then K; = X for each ¢ € I. Moreover, we have K = X and then
M C Int*(K). Hence, K is I,-open.

Thus, (X, 7,1) is an I;-Alexandroff ideal space. O

Theorem 5. Let (X, 7, 1) be an ideal topological space. If (X, 7,1) is an I-Alexandroff
ideal space, then (X, 7,1) is I,-Alezandroff.

Proof. The proof follows from the fact that any x-open set is I4-open. O

Remark 1. The reverse implication of Theorem 5 is not true in general as shown
in the following example:

Example 1. Suppose that R is the set of real numbers and 7 = {(-1,1) . n €

N\{0}} U{R, @} where N is the set of naturel numbers. Let I = {&, fSﬁ Then
the ideal topological space (R, T,I) is I,-Alexandroff by Theorem 4 but (R, 7,I) is
not I-Alexandroff. Furthermore, suppose that J = {@}. Arenas et al. [3] show
that the topological space (R, 7) is g-Alexandroff but (R,7) is not Alexandroff.
Therefore, the ideal topological space (R, T, J) is I;-Alexandroff but (R, 7, J) is not

I-Alexandroff.

Definition 5. A subset S of an ideal topological space (X, 7,T) is called

(1) I;-closed in (X,7,1) if CI(S) C N whenever S C N and N is x-open in
(X,7,1).

(2) I;-open in (X, 7,I) if X\S is I;-closed.

Remark 2. Let (X, 7,I) be an ideal topological space. The following diagram
holds for a subset S of X:

Ij-open — g-open — Ij-open

T /

open —— *-open

None of these implications is reversible as shown in the following examples and
in [8].
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Example 2. Let X = {a,b,¢,d} and 7 = {X,2,{a},{b,c},{a,b,c}} and T =
{9,{a},{d},{a,d}}. Then the set {c} is I -open but it is nether open nor %-open.
The set {b,c,d} is x-open but it is not g-open. The set {a,c} is I;-open but it is
not x-open.

Example 3. Let X = {a,b,c,d} and 7 = {X, &, {a},{a,b},{c,d},{a,c,d}} and
I ={2,{a},{d},{a,d}}. Then the set {a,b,d} is g-open but it is not I;-open.

Theorem 6. For a subset S of an ideal topological space (X, T,1), S is I;-open if
and only if N C Int(S) whenever N C S and N is x-closed in (X, 7,1I).

Proof. Let S be an I;-open set in (X,7,I). Suppose that N C S and N is *-closed
in (X,7,I). It follows that X\S C X\N and X\N is x-open in (X,7,I). Since
X\S is I;-closed, then CI(X\S) C X\N. We have CI(X\S) = X\Int(S) C X\N.
Thus, N C Int(S). The converse is similar. O

Theorem 7. Let (X,7,1) be an ideal topological space. The following properties
are equivalent:

(1) (X,7,1I) is an I;-Alexandroff ideal space,

(2) Any intersection of I;-open sets in (X,7,1) is I,-open.

Proof. (1) = (2) : Let (X, 7,I) be an I;,-Alexandroff ideal space. Suppose that
{Si: i € I'}is afamily of /;-open sets. We take S = ‘Q]Si' Let K C X be a closed set

and K C S. We have K C S; for each i € I. Since S; is Ij-open set for every i € I,
then K C Int(S;) for each i € I. We take M = _lent(S’i). Since (X, 7,I) is an

1,-Alexandroff ideal space, then M = ‘ﬁIInt(Si) is I4-open. Since M = ‘ﬁIInt(SZ—)
1€ 1€

is I,-open and K C M, then K C Int*(M). Hence, Int*(M) C Int*(S) and thus,
K C Int*(S). It follows that S is I,-open.

(2) = (1) : Suppose that any intersection of I;-open sets in (X, 7,I) is [;-
open. Since every open set is I;-open by Remark 2, it follows from (2) that any
intersection of open sets in (X, 7, 1) is I;-open. Thus, (X, 7,1) is an I;-Alexandroff
ideal space. O

Theorem 8. Let (X, 7,1) be an ideal topological space. The following properties
are equivalent:

(1) (X,7,I) is an I,-Alexandroff ideal space,

(2) any union of I;-closed sets in (X, 1,I) is I,-closed.

Proof. Tt follows from Theorem 7. O

Theorem 9. Let (X, 7,1) be an ideal topological space. The following properties
are equivalent:

(1) (X,7,1I) is an I;-Alexandroff ideal space,

(2) any union of closed sets in (X, 1,1) is I4-closed.

Proof. It follows from the fact that the complement of an I -open set is I4-closed.
O
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Theorem 10. Let (X, 7,1) be an ideal topological space and S C X. If (X, 7,1) is
an I-Alexandroff ideal space, then S is an I-Alexandroff ideal space.

Proof. Let (X, 7,I) be an I-Alexandroff ideal space. Suppose that {K;: i € I} is
a family of open sets in (5, 75). We take K = ﬂIKZ-. It follows that K; = SN N;
1€

where N; is open in (X, 7,1) for each i € I. Therefore, we have

K=nK,=n((SNN;)=5SNn(NN,).
i€l i€l

el

Since (X, 7,1) is an I-Alexandroff ideal space, then 'QINi is x-open in (X, 7,1).

It follows that K = SN (.ﬁINi) is x-open in S. Thus, S is an I-Alexandroff ideal
1€

space. O

Theorem 11. Let (X, 7,1) be an ideal topological space. If (X, 7,I) is T1 and an
I,-Alezandroff ideal space, then (X, 7,I) is a discrete ideal space with respect to T*.

Proof. Let (X, 7,I) be Ty and an I,-Alexandroff ideal space. Suppose that =z € X.

Since (X,7,1I) is a Ty space, then for each y # =z, there exists an open set S,

containing x such that y ¢ S,. It follows that {z} = Q Sy. Since (X,7,1I) is a
y#T

T;-space, then {z} is a closed set. Since (X, ,I) is an I,-Alexandroff ideal space,
then {z} is an I,-open set. Since {z} C {z}, then we have {«} C Int*({z}). It
follows that {x} is x-open in (X, 7,T). Thus, (X, 7, ) is a discrete ideal space with
respect to 7*. O

Theorem 12. Let (X, 7,1) be an ideal topological space. If (X, 7,I) is a discrete
ideal space with respect to T, then (X, 1,1I) is an I,-Alexzandroff ideal space.

Proof. Let (X,7,I) be a discrete ideal space with respect to 7*. Suppose that
{K;: i€ I} is a family of open sets in (X, 7,I). It follows that ‘ﬁIKZ- is x-open in
1€
(X, 7,I). By Remark 2, ‘ﬂIKi is I4-open. Hence, (X, 7, 1) is an I,-Alexandroff ideal
1€
space. O

Remark 3. The following example shows that the reverse of Theorem 11 is not
true in general:

Example 4. Suppose that R is the set of real numbers and 7 = {(—%, %) 'n €
N\{0}} U{R, @} where N is the set of naturel numbers. Let I = P(X) which is
the power set of X. Then (X, 7,1) is a discrete ideal space with respect to 7* but

(X, 7,1) is not a Tj-space.

Definition 6. [1] Let (X, 7,I) be an ideal topological space. (X, 7, 1) is said to be
an F*-space if every open subset of (X, 7,I) is x-closed.

Theorem 13. Let (X, 7,I) be an ideal topological space. If (X,7,1) is a Ty and
F*-space, then (X, 7,1) is a discrete ideal space with respect to 7*.
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Proof. Suppose that (X, 7,I) is a T} and F*-space. Since (X, 7,I) is a T} space,
then {z} is a closed set for every x € X. Since (X, 7, ) is an F*-space, then {z} is
a x-open set for every x € X. It follows that (X, 7, I) is a discrete ideal space with
respect to 7. O

Theorem 14. [15] For an ideal topological space (X,7,I), every subset of X is
I4-closed if and only if every open set is x-closed.

Theorem 15. Let (X, 7,I) be an ideal topological space. The following properties
are equivalent:

(1) (X,7,I) is an F*-space,

(2) every subset of (X, 7,1I) is an I,-closed set.

Proof. 1t follows by Theorem 14. O

Theorem 16. Let (X, 7,1) be an ideal topological space. If (X, 1,I) is an F*-space,
then (X, 7,I) is an I,-Alexandroff ideal space.

Proof. Suppose that (X,7,I) is an F*-space. By Theorem 15, every subset of
(X,7,1) is an I-closed set. It follows that (X, 7,I) is an I,-Alexandroff space. O

Definition 7. [5] A topological space (X, 7) is said to be an Ry-space if Cl({z}) C
U for each x € X and each open set U with x € U.

Theorem 17. Let (X, 7,1) be an ideal topological space. If (X, 7,I) is an Ry and
I4-Alexandroff ideal space, then (X, 1,1I) is an F*-space.

Proof. Let (X, 7,I) be an Ry and I;-Alexandroff ideal space. Suppose that S C X
is an open set. Since (X, 7,I) is an Ry space, then we have Cl({z}) C S for every
x € S. It follows that

S = mgsCl({I})'

Since (X, 7,I) is an I;-Alexandroff ideal space, then S is an I;-closed set. Since
S C S and S is I -closed, then we have CI*(S) C S. It follows that S is x-closed.
Thus, (X, 7, 1) is an F*-space. O

Theorem 18. Let (X, 7,I) be an ideal topological space and M C X. If (X, 7,I)
is an I,-Alexandroff ideal space and M 1is closed, then M is an I4-Alexandroff ideal
space.

Proof. Let (X, 7,I) be an I,-Alexandroff space and M C X be a closed set. Suppose
that {S; : 4 € I'} is a family of open sets in (M, 7ar). We take S = OISZ‘. It follows
1€

that S; = M N K; where K; is an open set (X, 7,I) for each i € I. Let N C M be

a closed set in (M, 75) and N C S. It follows that N is a closed set in (X, 7,1)

and N C OIKZ‘. Since (X,7,1I) is an I;-Alexandroff ideal space, then we have
1€

N C Int*(_ﬂIKi). Also, we have
1€

Mn Int*(ani) cS.
1€
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Since M N Int*(M;erK;) is a x-open set in M, then N C Int};(S). It follows that
S is I;-open in M. Hence, M is an I,-Alexandroff ideal space. O

Remark 4. Arenas et al. [3] show that any subset of a generalized Alexandroff
space (X, 7) need not be a generalized Alexandroff space. So, for the ideal J = {&}
and hence for any ideal I on X, any subset of an I -Alexandroff ideal space (X, 7,I)
need not be an I,-Alexandroff ideal space.

3 The relationships

Definition 8. A function f : (X,7,I) — (Y,0,J) is said to be x-closed if f(A) is
*-closed in (Y, o, J) for every x-closed subset A of (X, 7,1).

Theorem 19. Let f : (X,7,I) — (Y,0,J) be a continuous and *-closed surjec-
tive function. If (X,7,I) is an I-Alexandroff ideal space, then (Y,o,J) is an I-
Alezandroff ideal space.

Proof. Suppose that f: (X,7,I) — (Y,0,J) is a continuous and *-closed function.
Let (X, 7,I) be an I-Alexandroff ideal space. Suppose that {M;: i € I'} is a family
of closed sets in (Y, 0,J). Since f : (X,7,I) — (Y,0,J) is continuous, then N =
‘LeJIffl(Mi) is a *-closed set in (X, 7,I). We take M = z‘LeJIMi' Since f: (X, 7,I) —

(Y, 0,J) is a %x-closed function, then

FIN) = f(U fH(M;) = M

i€l
is x-closed. It follows that (Y, o, J) is an I-Alexandroff ideal space. O

Theorem 20. Let (X, 7,1) be an ideal topological space and S C X be I -closed.
If f: (X,7,I) = (Y,0,J) is a continuous and *-closed function, then f(S) is an
I4-closed set in'Y

Proof. Suppose that S C X is a Ij-closed set and f : (X,7,I) — (Y,0,J) is a
continuous and *-closed function. Let f(S) C K where K is open in (Y, 0, J). It
follows that S C f~(K). Since f : (X,7,I) — (Y,0,J) is a continuous function
and S is an I, -closed set, then we have CI*(S) C f~!(K). Moreover, we have
fcr(S)) c f(f~Y(K)) c K. Since f is a x-closed function, then

CI(f(9)) c CI*(f(C1*(S))) = f(CI*(S)) C K.
It follows that C1*(f(S)) C K and hence f(S) is an I -closed set in (Y,0,J). O

Theorem 21. Let f : (X,7,1) — (Y,0,J) be a continuous and *-closed surjec-
tie function. If (X, 7,I) is an I,-Alexandroff ideal space, then (Y,0,J) is an I,-
Alezandroff ideal space.
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Proof. Suppose that f: (X,7,I) — (Y,0,J) is a continuous and *-closed surjective
function. Let (X, 7, I) be an I,-Alexandroff ideal space and {M;: i € I} be a family
of closed sets in (Y,0,J). Since f: (X,7,I) — (Y,0,J) is a continuous function,
then K = ig}f’l(Mi) is an Ig-closed set in (X,7,1). We take M = ngMl It

follows from Theorem 20 that, f(K) = f(.UIf*I(MZ-)) = M is an I4-closed set.
1€
Thus, (Y, 0, J) is an I,-Alexandroff ideal space. O

Theorem 22. [15] Let (X, 7,I) be a T1 ideal topological space and A C X. If A is
an Iy-closed set in (X,7,I), then A is x-closed.

Theorem 23. For a T ideal topological space (X, 1,1), the following properties are
equivalent:

(1) (X,7,I) is an I-Alexandroff ideal space,

(2) (X,7,I) is an I,-Alexandroff ideal space.

Proof. Since any Ig-closed set is x-closed in a T ideal topological space (X, 7, 1),
then by Remark 2 and Theorem 22, (X, 7,1) is an I-Alexandroff ideal space if and
only if (X, 7,I) is an I,-Alexandroff ideal space. O

Theorem 24. [15] Let (X, 7,1) be an ideal topological space and A C X. If A is
*-dense in itself and I;-closed in (X, 7,I), then A is g-closed.

Theorem 25. Let (X, 7,1) be an ideal topological space. Suppose that every subset
of (X, 7,1) is %-dense in itself. Then the following properties are equivalent:

(1) (X,7,I) is an I,-Alexandroff ideal space,

(2) (X,7,I) is a generalized Alexzandroff space.

Proof. Since every subset is x-dense in itself, then by Remark 2 and Theorem 24,
(X,7,1) is an I,-Alexandroff ideal space if and only if (X, 7,I) is a generalized
Alexandroff space. O

Theorem 26. [6] Let (X,7,I) be an ideal topological space where I = {@} and
A C X. Then A is I,-closed if and only if A is g-closed.

Theorem 27. For an ideal topological space (X, 7,1) where I = {@}, the following
properties are equivalent:

(1) (X,7,I) is an I,-Alexandroff ideal space,

(2) (X,7,I) is a generalized Alexzandroff space.

Proof. Let (X, 7,I) be an ideal topological space where I = {@} and S C X. Since
S is an Ig-closed set if and only if S is a g-closed set by Theorem 26, then (X, 7,1)
is an I,-Alexandroff ideal space if and only if (X, 7, ) is a generalized Alexandroff
space. O

Theorem 28. Let (X, 7,1) be an ideal topological space and I = {@}. Then the
following properties are equivalent:

(1) (X,7,I) is an Alexandroff space,

(2) (X, 7,I) is an I-Alexandroff ideal space.
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Proof. Since I = {@}, then we have 7 = 7*. It follows that (X, 7,I) is an Alexan-
droff space if and only if (X, 7, I) is an I-Alexandroff ideal space. O
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