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Abstract. The notion of pseudo-valuations (valuations) on a BCC-algebra is introduced by using the
Busneag’s model ([1-3]), and a pseudo-metric is induced by a pseudo-valuation on BCC-algebras. Con-
ditions for a real-valued function to be an BCK-pseudo-valuation are provided. The fact that the binary
operation in BCC-algebras is uniformly continuous is provided based on the notion of (pseudo) valuation.

1. Introduction

In 1966, Y. Imai and K. Iséki (cf. [8]) defined a class of algebras of type (2, 0) called BCK-algebras which
generalizes on one hand the notion of algebra of sets with the set subtraction as the only fundamental
non-nullary operation, on the other hand the notion of implication algebra (cf. [8]). The class of all BCK-
algebras is a quasivariety. K. Iséki posed an interesting problem (solved by A. Wronski [12]) whether the
class of BCK-algebras is a variety. In connection with this problem, Y. Komori (cf. [10]) introduced a notion
of BCC-algebras, and W. A. Dudek (cf. [4, 5]) redefined the notion of BCC-algebras by using a dual form
of the ordinary definition in the sense of Y. Komori. In [7], W. A. Dudek and X. H. Zhang introduced a
new notion of ideals in BCC-algebras and described connections between such ideals and congruences.
Busneag [2] defined a pseudo-valuation on a Hilbert algebra, and proved that every pseudo-valuation
induces a pseudo metric on a Hilbert algebra. Also, Busneag [3] provided several theorems on extensions
of pseudo-valuations. Busneag [1] introduced the notions of pseudo-valuations (valuations) on residuated
lattices, and proved some theorems of extension for these (using the model of Hilbert algebras ([3])).

In this paper, using the Busneag’s model, we introduce the notion of (BCK, BCC, strong BCC)-pseudo-
valuations (valuations) on BCC-algebras, and we induce a pseudo-metric by using a BCK-pseudo-valuation
on BCC-algebras. We provide conditions for a real-valued function on a BCC-algebra X to be a BCK-pseudo-
pseudo-valuation on X. Based on the notion of (pseudo) valuation, we show that the binary operation * in
BCC-algebras is uniformly continuous.

2010 Mathematics Subject Classification. Primary 06F35; Secondary 03G25, 03C05

Keywords. Weak pseudo-valuation, (BCK, BCC, strong BCC)-pseudo-valuation, pseudo-metric induced by BCK-pseudo-valuation,
BCK/BCC-valuation

Received: 21 June 2011; Accepted: 11 August 2011

Communicated by Miroslav Ciri¢

*Corresponding author.

Email addresses: skywine@gmail.com (Young Bae Jun), sunshine@dongguk.edu (Sun Shin Ahn), idealmath@gmail.com (Eun
Hwan Roh)



Y. B. Jun et al. / Filomat 26:2 (2012), 37-46 38
2. Preliminaries
Recall that a BCC-algebra is an algebra (X, *, 0) of type (2,0) satisfying the following axioms:
(C1) ((xxy)*(zxy)) * (x*2) =0,
(C2) 0+x=0,
(C3) xx0=x,
(C4) xr»y=0and y*x=0implyx =y

for every x,y,z € X. For any BCC-algebra X, the relation < defined by x < yifand only if x*y = Ois a
partial order on X. In a BCC-algebra X, the following holds:

(@l) (Vxe X) (x*x =0),
(@2) (Vx,ye X) (x+y <x),
@3) (Vx,y,zeX)(x<y = x*z<y*z, 2y < z*X).
A subset I of a BCC-algebra X is called a BCK-ideal if it satisfies:

(i) 0€1,
(i) VxeX)(Vyel) (xxyel = xel).

A subset I of a BCC-algebra X is called a BCC-ideal if it satisfies:
(@ oel

(i) (Vx,zeX) Vye) (x+y)rzel = xxz€l).
3. Pseudo-valuations on BCC-algebras

Definition 3.1. A real-valued function ¢ on a BCC-algebra X is called a weak pseudo-valuation on X if it
satisfies the following condition:

(Vx,y € X) (p(x* y) < p(x) + ¢(v)). 1)

Definition 3.2. A real-valued function ¢ on a BCC-algebra X is called a BCK-pseudo-valuation on X if it
satisfies the following condition:

®(0) =0, 2)
(Vx,y € X) (p(x* y) = p(x) = () 3)

Example 3.3. Let X := {0,1,2,3,4} be a BCC-algebra ([7]), which is not a BCK-algebra, with *-operation
given by Table 1. Let ¢ be a real-valued function on X defined by

(01 2 3 4
?=l0 1 3 4 5)
It is easy to check that ¢ is both a weak pseudo-valuation and a BCK-pseudo-valuation on X.
Proposition 3.4. For a weak pseudo-valuation ¢ on a BCC-algebra X, we have

(Vx € X) (p(x) = 0). (€))

Proof. For any x € X, we have ¢(0) = ¢(0*x) < ¢(0) + ¢(x), and so ¢(x) > 0. O
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Table 1: *-operation

*

= W= Oo

= W NR, O O
WD WNOO| -
= O = O DN
WO OO O| W
SO O OO

Theorem 3.5. Let S be a subalgebra of a BCC-algebra X. For any real numbers t1 and t, with 0 < t; < t,, let @ bea
real-valued function on X defined by

_J th leGS,
(pS(x)_{tz lfxes

for all x € X. Then @s is a weak pseudo-valuation on X.
Proof. Straightforward. [

Given an element a of a BCC-algebra X, the set A(a) := {x € X | x < a} is called the initial section of X
determined by a.

Corollary 3.6. Let X be a BCC-algebra. For any a € X, let ¢ be a real-valued function on X defined by

[t ifxeAw,
(Pﬂ(x) - { t; ifx ¢ A(ll)

for all x € X where t1 and t, are real numbers with t, > t; > 0 and A(a) is the initial section of X determined by a.
Then @, is a weak pseudo-valuation on X.

Theorem 3.7. In a BCC-algebra, every BCK-pseudo-valuation is a weak pseudo-valuation.

Proof. Let ¢ be a BCK-pseudo valuation on a BCC-algebra X. Using (a2) and (C2), we have ((x*y) *x)* y =
0+y=0forallx,y € X. Hence

0=¢p0) =p((x*y)*x)*y)
> @((x*y)*x) — )
> p(x*y) — () — ey,

and so @(x * y) < @(x) + @(y) for all x, y € X. Therefore ¢ is a weak pseudo-valuation on X. [

The following example shows that the converse of Theorem 3.7 is not true.

Example 3.8. Consider the BCC-algebra X which is given in Example 3.3. Let 6 be a real-valued function
on X defined by

g_0 123 4
“lo 1 2 4 5/

It is easy to show that 0 is a weak pseudo-valuation , but not a BCK-pseudo-valuation on X since

03)=4%£3=1+2=0(1)+02) = 03+2) + 0(2).
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Definition 3.9. A real-valued function ¢ on a BCC-algebra X is called a BCC-pseudo-valuation on X if it
satisfies (2) and

(Vx, y,z € X) (p((x * y) * 2) = p(x *2) — p())- )

Example 3.10. Consider the set Ny = IN U {0} where IN is the set of natural numbers. Define a binary
operation * on Ny by

0 if x <
(Vx,ye]No)(x*y::{ x—y ifx>g )

Then (INy; #, 0) is a BCK-algebra with the unique small atom 1, and so it is a BCC-algebra. Define

0 if x=0,
¢:No =R, x> { 2x+1 otherwise.
It is routine to verify that ¢ is a BCC-pseudo-valuation on No.

Putting z = 01in (5) and using (C3), we get p(x *y) > @(x) — @(y) for all x, y € X. Thus we know that every
BCC-pseudo-valuation is a BCK-pseudo-valuation. We will state this as a theorem.

Theorem 3.11. In a BCC-algebra, every BCC-pseudo-valuation is a BCK-pseudo-valuation.
The converse of Theorem 3.11 is not true as seen in the following example.

Example 3.12. Consider the BCC-algebra X which is given in Example 3.3. Let ¢ be as in Example 3.3.
Then ¢ is a BCK-pseudo-valuation, but not a BCC-pseudo-valuation on X since

P(Ax1)+2) = p(1) = 1 # 4 = p(4+2) - p(L).
Theorem 3.13. In a BCK-algebra, every BCK-pseudo-valuation is a BCC-pseudo-valuation.
Proof. Let ¢ be a BCK-pseudo-valuation on a BCK-algebra X and let x, y,z € X. Then

Plr*2z) <p((x*2)*y) + py) = p((x*y) *2) + (y)
and so ¢ is a BCC-pseudo-valuationon X. [
Lemma 3.14. Let ¢ be a BCC-pseudo-valuation on a BCC-algebra X. If x < y then @(x) < @(y) forall x,y € X.
Proof. Let x,y € X be such that x < y. Then x*y = 0, and so

P(x) = px=0) < p((x+y) 0) + ¢(y)

= p(xy) +oy) = (0) + oY) = ().

This completes the proof. O
Lemma 3.15. Every BCC-pseudo-valuation on a BCC-algebra X is a weak pseudo-valuation on X.
Proof. 1tis clear. [

Corollary 3.16. Every BCC-pseudo-valuation on a BCC-algebra X satisfies the following assertions: forall x,y,z €
X,

(@) px=*y) < p(x),
(b) p(x+(y=2) < p(x)+@(y) + ¢(2),
(© p((x*y)*(z*y)) < p(x=2),
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(d) x<y = @x=z) <p(y*z), pz+y) < P(z*x).
The following example shows that the converse of Lemma 3.15 is not true.

Example 3.17. Consider the BCC-algebra X which is given in Example 3.3. Let ¢ be a real-valued function
on X defined by

{01 23 4
=11 2 3 3/

It is easy to check that ¢ is a weak pseudo-valuation, but not a BCK-pseudo-valuation since ¢(0) # 0. Also
it is not a BCC-pseudo-valuation since

P((4+1)+2) Z p(4+2) — p(1).
Proposition 3.18. Every BCC-pseudo-valuation on a BCC-algebra X satisfies the following implication:
Vx,y,z,aeX)(x*y)*z<a = @p(x*z) < py)+ pa)). (6)

Proof. Letx,y,z,a € X be such that (x * y) *z < a. It follows from Lemma 3.14 that ¢((x * ) * z) < @(a) so from
(5) that

Px*2) < @((x+y) *2) + @(y) < p(a) + p(y)-
This completes the proof. O

We provide a condition for a real-valued function ¢ on a BCC-algebra X to be a BCC-pseudo-valuation
on X.

Theorem 3.19. Let @ be a real-valued function on a BCC-algebra X. If @ satisfies conditions (2) and (6), then ¢ is a
BCC-pseudo-valuation on X.

Proof. Assume that ¢ satisfies conditions (2) and (6). We note that (x+y)*z < (x*y)=zforallx,y,z € X, and
50 @(x *z) < @((x * y) * z) + (y). Therefore ¢ is a BCC-pseudo-valuation on X. [

Definition 3.20. A real-valued function ¢ on a BCC-algebra X is called a strong BCC-pseudo-valuation on X
if it satisfies (2) and

(Vx,y,z € X) (p((x* y) * 2) 2 (x) = p(y))- @)
Lemma 3.21. Every strong BCC-pseudo-valuation ¢ on a BCC-algebra X is order preserving.
Proof. Letx,y € X be such thatx < y. Then x*y = 0, and so

P() < p((x* )+ 0) + (y) = (0= 0) + p(y) = 9(0) + p(y) = ¢(y)
by (7), (2) and (al). Hence ¢ is order preserving. [
Theorem 3.22. Every strong BCC-pseudo-valuation ¢ on a BCC-algebra X is a BCC-pseudo-valuation on X.
Proof. By (a2) and Lemma 3.21, we have ¢(x * z) < ¢(x) for all x, z € X. It follows from (7) that

P((c*y) *2) 2 @(x) = @(y) = P(x *2) = P(y). ®)
Hence ¢ is a BCC-pseudo-valuationon X. [

The following example shows that the converse of Theorem 3.22 may not be true.
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Table 2: *-operation

X%

Gk WDN - O

b W -—, O O
Gk NDDNOODO| =
bk, OO | N
G OO | W
GO RR R, OO|
O = O | Ul

Example 3.23. Let X := {0, 1, 2, 3,4, 5} be a BCC-algebra ([7]), which is not a BCK-algebra, with *-operation
given by Table 2. Let ¢ be a real-valued function on X defined by

{0123 45
=l 1111 7)

It is easy to check that ¢ is a BCC-pseudo-valuation on X, but not a strong BCC-pseudo-valuation on X,
since p((1+0)+*1)=0#1=1-0=¢(1) — (0).

Definition 3.24 ([6]). A non-zero element a of a BCC-algebra X is called an atom of X if forany x € X, x <a
impliesx =0 orx =a.

Lemma 3.25 ([6]). Let a and b be atoms of a BCC-algebra X. Ifa # b, thena +b = a.
We provide a condition for a BCC-pseudo-valuation to be a strong BCC-pseudo-valuation.

Theorem 3.26. In a BCC-algebra containing only atoms, every BCC-pseudo-valuation is a strong BCC-pseudo-
valuation.

Proof. Let X be a BCC-algebra containing only atoms and let ¢ be a BCC-pseudo-valuation on X. Using
Lemma 3.25 and (5), we have

P(x) = plx=z) < p((x*y) *2) + ¢(y)
for all x, y,z € X. Hence ¢ is a strong BCC-pseudo-valuationon X. O
Proposition 3.27. For any BCK-pseudo-valuation ¢ on a BCC-algebra X, we have the following assertions:
(a) @ is order preserving,
(b) (Vx,y € X)(@(x*y) + @y +x) = 0),
(©) (Vx,y,2 € X)(@lx+y) < @(x*2) + ¢z * ).

Proof. (a) Letx, y € X be such that x < y. Then x* y = 0, and so @(x) < p(x * y) + @(y) = @(0) + p(v) = (y).
(b) Let x,y € X. Using (3), we have @(x * y) > @(x) — ¢(y) and ¢(y * x) > @(y) — @(x). It follows that

ple*y) + @y *x) 0.
(c) Letx, y,z € X. Since @ is order preserving, it follows from (C1) and (3) that

plx*z) = ((x*y)*(z*+y)) = p(x*y) — @z * y).
Hence (¢)is valid. O
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Corollary 3.28. Every BCC-pseudo-valuation ¢ on a BCC-algebra X satisfies conditions (a), (b) and (c) in Proposi-
tion 3.27.

Theorem 3.29. If a real-valued function ¢ on a BCC-algebra X satisfies the condition (2) and
(Vx, y,z € X)(@(((x* y) * y) *2) 2 @(x*y) — P(2) ©)
then @ is a BCK-pseudo-valuation on X.
Proof. Taking y = 0in (9) and using (C3), we have
P *2z) = (((x*0) * 0) * 2) 2 p(x * 0) = p(2) = P(x) — P(2).
Hence ¢ is a BCK-pseudo-valuation on X. [

Corollary 3.30. Let ¢ be a real-valued function on a BCK-algebra X. If ¢ satisfies conditions (2) and (9), then ¢ is a
BCC-pseudo-valuation on X.

By a pseudo-metric space we mean an ordered pair (M, d), where M is a non-empty setand d : MXM — Ris
a positive function satisfying the following properties: d(x, x) = 0,d(x, y) = d(y, x) and d(x, z) < d(x, y)+d(y, z)
forevery x, y,z € M. If in the pseudo-metric space (M, d) the implication d(x, y) = 0 = x = y hold, then (M, d)
is called a metric space. For a real-valued function ¢ on a BCC-algebra X, define a mapping d, : X X X = R
by d,(x,y) = p(x*y) + @(y *x) for all (x, y) € X X X.

Theorem 3.31. If a real-valued function ¢ on a BCC-algebra X is a BCK-pseudo-valuation on X, then (X,d,) is a
pseudo-metric space.

We say d,, is the pseudo-metric induced by a BCK-pseudo-valuation ¢ on a BCC-algebra X.

Proof. Obviously, dy,(x,y) > 0,dy(x,x) = 0 and dy(x,y) = dy(y,x) for all x,y € X. Let x,y,z € X. Using
Proposition 3.27(c), we have

do(x, y) + de(y,2) = [p(x*y) + @y * )] + [p(y * 2) + @z * y)]
= [p(xxy) + oy *2)] + [z * y) + @(y * x)]
> p(x*2z) + @(z*x) = dy(x, 2).

Therefore (X, d,) is a pseudo-metric space. [J
The following example illustrates Theorem 3.31.

Example 3.32. Consider the BCC-pseudo-valuation ¢ on INg which is described in Example 3.10. Using
Theorem 3.11, we know that ¢ is a BCK-pseudo-valuation on INg. The pseudo-metric d, induced by ¢ is
given as follows:

0 ifx=y,
2y +1 ifx=0and y #0,
2x+1 ifx#0andy =0,
o) xxy=0
dy(x,y) = 2 *x)+1 if yrx#0 forO#x#y#0,
. L) xxy#0
20x*+y) +1 if yrx=0 forO£x#y#0,
) xxy#0
2xxy) +2y*x)+2 if y*z;eo forO#x#y#0,

and (N, dy) is a pseudo-metric space.
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Proposition 3.33. Let ¢ be a BCK-pseudo-valuation on a BCC-algebra X. Then every pseudo-metric d,, induced by
@ satisfies the following inequalities:

(a) do(x,y) > max{dy(x*a,y+a),dy(axx,axy),
(b) dp(x*y,axb) <dy(x*y,axy)+dy(a*y,axb)

forall x,y,a,beX.
Proof. (a) Letx, y,a € X. Since

(y*a)=(x*a))*(y=x) =0and ((x=a) = (y+a)) * (x+y) =0,
it follows from Proposition 3.27(a) that (y * x) > @((y * a) = (x *a)) and @(x * y) > @((x * a) * (y * a)) so that
do(x, ) = px*y) + @y * x)

2 p((xxa)*(y*a) +o((y*a)* (x+a))
=dy(x*a,y*a).

Similarly, we have dy(x, y) > dy(a = x,a * y). Hence (a) is valid.
(b) Using Proposition 3.27(c), we have

p((x*y)*(@=b)) < p((x*y)*(a*y)) + p(axy) = (axb)),

p((axb) = (x*y) < p(@a=b)*(axy)) +p(@a*y)=(x=*y))
forall x,y,a,b € X. Hence
de(x*y,axb) = p((x*y)*(a*b)) +p((@ax*b)*(x*y))
< [p((x*y)*(a*y)) + p((a*y) = (a=b))]
+[p((axb) *(a*y)) + p((a*y) = (x*y))]
= [p((x*y) = (a*y) + p((a*y) = (x* y))]

+[p((axb)*(axy)) +p((axy)=(axb)]
=dy(x*y,a*y)+dy(axy,ax*b)

forallx,y,a,be X 0O

Theorem 3.34. For a real-valued function ¢ on a BCC-algebra X, if d, is a pseudo-metric on X, then (X X X, dy)) is
a pseudo-metric space, where

drp((xr y)/ (ll, b)) = max{dgo(x/ H), dgo(y/ b)} (10)
forall (x,vy),(a,b) e X x X.
Proof. Suppose d,, is a pseudo-metric on X. For any (x, y), (4,b) € X X X, we have

dy,((x, y), (x,y)) = max{dy(x, x), de(y, y)} = 0

and

dy((x, y), (a, b)) = max{dy(x, a), dy(y, b)}
= max{d,(a, x), dy(b, y)}
= d.,((a,b), (x, ).
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Now let (x,v), (a,b), (1,v) € X X X. Then

dy,((x, v), (u,0)) + d,((u,v), (a, b))

max{d,(x, u), dy(y, v)} + max{d,(u,a),dy(v, b)}
max{d,(x, u) +dy,(u,a),dy(y,v) + dy(v, b)}
max{dy(x, a), dy(y, b)}

dy,((x, ), (a,b)).

Therefore (X X X, dy)) is a pseudo-metric space. [

[\

Corollary 3.35. If ¢ : X — Ris a BCK-pseudo-valuation on a BCC-algebra X, then (X x X, d7,) is a pseudo-metric
space.

A BCK/BCC-pseudo-valuation ¢ on a BCC-algebra X satisfying the following condition:
VxeX)(x#0 = ¢(x)#0) (11)
is called a BCK/BCC-valuation on X.
Theorem 3.36. If ¢ : X — R is a BCK-valuation on a BCC-algebra X, then (X, d) is a metric space.

Proof. Suppose ¢ is a BCK-valuation on a BCC-algebra X. Then (X, d,,) is a pseudo-metric space by Theorem
3.31. Let x, y € X be such that d,(x, y) = 0. Then 0 = d,(x,y) = @(x * y) + (y * x), and so @(x * y) = 0 and
@(y = x) = 0. It follows from (11) that x * y = 0 and y * x = 0 so from (C4) that x = y. Therefore (X,d,) is a
metric space. [

Theorem 3.37. If ¢ : X — Ris a BCK-valuation on a BCC-algebra X, then (X X X, d7,) is a metric space.

Proof. Note from Corollary 3.35 that (X X X, d;,) is a pseudo-metric space. Let (x,y), (a,b) € X X X be such
that di,((x, y), (a,0)) = 0. Then

0 = dy,((x, ), (a, b)) = max{dy(x,a),dy(y, b)},

and so dy(x,a) = 0 = dy(y, b) since dy(x, y) > 0 for all (x,y) € X X X. Hence
0=dy(x,a) = p(x*a)+ ¢(a*x)

and
0 =dy(y,b) = p(y +b) + p(b+ y).

It follows that p(x*a) =0 = @a*x)and (y+b) =0 =@(bry)sothatx*a=0=asxand y+*b=0=b=*y.
Using (C4), we havea = x and b = y, and so (x, y) = (a,b). Therefore (X X X, d(’;,) is a metric space. [

Theorem 3.38. If ¢ : X — R is a BCK-valuation on a BCC-algebra X, then the operation + in the BCC-algebra X is
uniformly continuous.

Proof. For any ¢ > 0, if di,((x, y), (a,0)) < 5, then dy,(x,a) < 5 and dy(y,b) < 5. Using Proposition 3.33, we
have

dp(x=y,y=a) <d,((x,y), (@*y) +dp(axy,axb)
<dy(x,a) +dy(y,b) <5+ 5 =e.

Therefore the operation * : X X X — X is uniformly continuous. []
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Table 3: *-operation

«| 0 a b ¢
0|0 0O 0 O
ala 0 0 O
bl b a 0 0
clec b b 0

The following example illustrates Theorem 3.38.

Example 3.39. Let X = {0,4,b,c} be a set with the *-operation given by Table 3. Then (X, *,0) is a proper
BCC-algebra. Let ¢ be a real-valued function on X defined by

(0 a b ¢
?=lo 3 4 5/
Then ¢ is a BCK-valuation on X and (X, d,) is a metric space where

p) _((0,0) 0,a) ©O,b) (0,0) (aa) (ab) (ac) b (b0 (c,c))
7710 3 4 5 0 3 4 0 4 0/

Also, (X x X, dj)) is a metric space where d, is obtained by (10), for example,
dfp((O, b), (a,c)) = max{d,(0,a),d,(b, c)} = max{3,4} = 4,
dy,((a,b), (c,a)) = max{dy(a, ), dp(b, a)} = max{4, 3} = 4,
d;((c, a),(0,0)) = max{dy(c, 0),dy(a,0)} = max{5,3} = 5,
dy,((a, ), (b, 0)) = max{dy(a, b), dy(c, 0)} = max{3,5} =5,
d;,((a, c), (b, c)) = max{dy(a,b),dy(c,c)} = max{3,0} = 3,

and so on. Now, it is routine to verify that the operation * in the BCC-algebra X
1 XXX X, (x,y)—x*y

is uniformly continuous.
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