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Polynomials of the Laguerre type

Gospava B. Djordjevié®

*University of Nis, Faculty of Technology, 16000 Leskovac, Serbia

Abstract. In this note we shall study a class of polynomials { f;;7,(x)}, where c is some real number, r € INU{0},

m € IN. These polynomials are defined by the generating function. Also, for these polynomials we find
an explicit representation in the form of the hypergeometric function; some identities of the convolution
type are presented; some special cases are shown. The special cases of these polynomials are: Panda’s
polynomials [2], [4]; the generalized Laguerre polynomials [1], [6]; the Celine Fasenmyer polynomials [3].

1. Polynomials ;" (x)

Let ¢(u) be a formal power-series expansion

¢(u) — Z‘ ynun, Vu = (_rr)n ‘

n!
n=0

We define the polynomials f,7,(x) as
(1- ") (—_4Xt ) = i FrmE"
(1 _ tm)r o n,m :

We prove the following result.

Theorem 1.1. The polynomials f,,,(x) satisfy the following relations:

e
fn,m x) - ! (r+1)ymLrm-1 X A,
where
_n m=1-n. l—c=rn rm—c—rn . (=" &) " (rm)™
A - m’* m 7 rm AN rm 7 (rm_l)rm—l
l-c—rn 2—c-rn rm=1-c—rn .
rm=1"7 rm=17"""/ rm=1 7

w o n Wzm](—l)k c+r—rmk) ., )
X = 4n(rr)n p k fn—mk,m X)-
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Proof. Using (1.1) and (1.2), we find:

(11—t~ q)( —4at ) (1= )= Z( " (—4x)"" zi(4r’;cl)”t" (1 — gy
n=0 :

(1 —pmy n! (1 —tmym
y? G =\ | _ Ny @ (e =R\
[; ][Z( k )‘”]Z (1= ( k )“1“

m—k—-mk:=n, n—k:=n—-—mk, k<[n/m])
¢ 1)k(4r’)”’”kx””’k( c— r(n mk)) o [W S (ke (o 4 p(n — mk))k]
Z Z £,

(o]
n=0 k=0

(n — mk)! e k!(n — mk)!

Using the well-known equalities ([5])

D" _ (= =D @)n
(@ = (@)nla + 1)y, n=n! = ., (@)n-k = A=a-ny’
we find that
o =m) _ Ot (D™ED™ (D™ (== (D)™ (1)
(Tl - mk)! (C)r(n—mk) (I’l - mk)! (1 —Cc— rn)(rm—l)k (_1)rmk(c)m n!
~ (_1)(m—1)k(1 — ¢ = 1) (= 1) ik B (_1)(n1—1)k(rm)rmkmmk .A-B
B (1= c—rn)gmy n!  (rm=1)mDk pt. C
where

A_(l—c—rn) (Z—C—rn) (rm—c—rn)
B rm Ik rm o Jx rm x
B:(—_”) .(1—") (m—_l—n)
m Jx m Jk m k
(1—c—rn) (Z—C—rn) (rm—l—c—rn)
C= . e[/ )
m—-1 Jk rm—1 Jk rm—1 k
From the other side, because of the next equality,

(1 - tm)% (P ((1__4;(:1)1') = Z f;::n(x)tn
n=0

it follows
n l—c—rn rm—c—rn. —n m=1-n . (D" @) " )™
fc,r (4T x) 1 F 1 m rm S omr m 7 (rm—l)’m’l
n,m (r+1)ymTrm— l-c—rn 2-c—rn rm=1-c—rn.
rm=1"7 rm=17"""/ rm=1 7

These are the required equalities (1.3) and (1.4).

Again, from (1.1) and (1.2), we get:

Z(_4x)ntn (_;:)n _ (1 _ tm)c+rn Zf;::n(x)tn _ (Z (C + 1’}’1)( 1)ktmk] [Zf (X)tn}
n=0 ’ k=0

oo [n/m]

Y Y 1)k(C+7’(n mk)) o

n=0 k=0
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Hence, we get

[n/m]
a B Wc+r(n—mk)\ .,
T gy kzz;a( 1)( k )fn—mk,m(x)’

which yields the equality (1.5). O

2. Some special cases of f," (x)

If r=1and m > 1, then (1.3)—(1.4) become

m
( 4x)” l-c—n 2—c-n m—c—n.-n l-n m=1-n, %)
f szm_l m 7 m m " m’ m/’ "/ m 7 (1_m)m—1 .
n! l-c-n 2-c-n m=1-c-n.
m=-17’ m=-17"""/ m-1 7

If m =1and r > 1, then (1.3)-(1.4) yield

.
C,I (4rrx)n Ve /AR e, 7 / (47 X)r 1
f ’ (x) = re1Fr—1 r r (r-1)
n,1 n! l-c—rn r=1—c—rn.
r=1 7"/ r-1 7/

Forr =0in (1.2), and ¢(u) = ", we have (1 — ") Pp(—4xt) = ), ,f?n ()", and hence we get the following
n=0

equalities:
e = (L=t Y fi Ot
n=0

and also

nan oo 0o oo [n/m]
Z (- 4x) t (Z (C)( tm)k] {Z x)tn} Z 1)k( ) ol mkm(x)
n=0 k=0 n=0 n=0 k=0
So, we get
al [n/m]
= Z( )k( ) £ ®)- 2.1)

For ¢ = 0in (1.3) and (1.4), we get the following formula

47 %) L mmemon melen, (S0
f ( ) - ( ) (r+1)mFrm—1[ rm ! Lo 1/_;71’ ’ rmTl—r;l. (rm—1ymt
rm=17"""" rm-1 7
—4)"
Forc=1,m=2andr =2, then, y, = ( n') and by (1.3) and (1.4), we get the following formula

14 47272 02
21 1-2n 2-3n x
3/°3 773

fua@) =

(4x) [—_zmznuu—_nl_n =1
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Note that the generalized Laguerre polynomials are the special case of the polynomials f,,(x), that is,

LS (%) = f,, (x/4). So, we get the following representation

XM 2—c—n m+l—c—n.-n m=1-n. _x"m"
c _r m 77 m [ATTRARRE m /(1_m)m—1
L - 2mFm 2—c—n m—c—n .
m=17"""7 m-1"~

For the Laguerre polynomials L¢ i (x) = L% (x), where

B —xt N
(- exp{ ) = ) L,
n=0 ’

the following statement holds.

Theorem 2.1. Let D = % and g € C®(—co, +00) and g(x) # 0, then

Z( 1)"( )Z( )D" Hilg)Dilg) = (-1)"n.

Proof. Using the known formula ([5])
DL, (x) = DL(;,_l(x) - L;_1(x)/ nx1,

we get the following equalities:

DL(x) = (D= DL, 4 (9, D) = (D= 1Li,(), ..., DLix) =D =1L @), n>s.

Hence, for s = n, we obtain that

k

D'Li(x) = [2(—1%(’;)13” )
k=0

Since D"L{(x) = (=1)"n!, we get

= g(—n"( ) y

( )D” g Dig).
j=0

- k v n—k n—k—jg—1 i n
Z(—l)() ( )D Ilg™1Dig) = (=1)"n!

k=0 j=0

which leads to (2.2). O

Depending on the chosen functions g(x) and from (2.2), we get some interesting relations.

—ax

1° For g(x) = €™, a is any rial number, and g~'(x) = ¢™™, we get

S
Zak_z l(n k — ])l =1

2.2)
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2°If g(x) = (1 + x)*, for x > =1, a # 0, then we get

1+ x) (1 + x)"
r(“)z Z (1-a- n)k+] Jdla-j+2)  an!

or

,g..

n n-—

1/ +0* (M@ + 1= D) (T @+9) (14
Kljl(n —k — j)! o a

T
(=}
-

Il

(=}

3° For g(x) =a*,a > 0 and a # 1, we obtain
ZZ (=1)/(Ina)**
jikl(n — k= j)!

4° For g(x) = x“¢*, we have the following formula

& (CDi@jla+1 - D
Z Z Killln —k— )G -0 L

ARG -1 T(a+1)

'i<—1>k+"<—n>k+j+i<a>j !

i () (=il
NG -0

5° For g(x) = x*, x > 0and x # 1, & # 0, we obtain

n ik (1 T e+ ) T (@ - s)x
k!j!

O

j=0

59
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3. Some identities of the convolution type

Using the following equality

(1- "% (—(1__4 f,i),) = (1 t") P2 i fRE, (3.1)
n=0

and by (1.1) and (1.2), we get

Zfrf’fzr(x)f” =ii(cf)< DL @ik iwf(c/z)< Ve @
n=0 k=0

n=0 k=0

Hence, we get

[n/m]
e = Y o). 62

k=0
Again, by (1.1) and (1.2), for ¢p(u) = ¢* we find:

o, A Fx0+e +x)E -
(- g Y
n=0

that is,

—4xqt
(1 = 7)o@y ... (1 — ) leTy = Z fom(xn 4+ xo)t,

hence
[Z frf/tflr(x )tn] [Z fC/S y(x2)t”] s {Z f}j,/ni,y(xs)t”] an m(xl +oee+ xs)tn'
n=0
So, we get
Z FETCen) f5 (o) . 15 () = fom(n + x4 e+ ). (3.3)

Letc=c; +---+c¢and x = x1 + - - - + x¢, then we have, at, on the one side

—4(x1 + -+ xp)t
(1 _ fm)_cl_"_ck(;b( (x(ll _ tm i xk) ) 2f€1+ +Cy, r(xl b xk)tn,

and on the other hand

(1-t")" cl_..._gkqb( 4(3(1 + tm)‘lr‘ Xk)t) [i yf,];;:(xl)tn] _____ [Z fck V(x )tn]

n=0

(e8]

2[ Y S C“(xk)]

n i1+-+ig=n
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Hence we get the following formula

Y ) £ ) = fn T G+ e+ ). (34)
ip+-+ip=n
Ifxi=xp=--=x,= g, then (3.3) becomes
Y FEls) R )s) = £, (3.5)
i1 +-+ig=n

where s is a natural number.

For r = 0in (1.2), and ¢(u) = ", we have (1 — ") “Pp(—4xt) = Y.,2, C,’%(x)t”, whence we get

e = (1= ) i,
n=0

and also

nn oo co oo [n/m]
y, e Z( )(—t’")" Y b |= Y 1)"( ) £
n=0 k=0 n=0 n=0 k=0
So, we get
g L]
S Z( 1)"( )fn i (- (3.6)

For ¢ = 0in (1.3) and (1.4), we get the following formula

(4,, x)n 1-rn rm=rn. —n m=1-n . (D" @) "m"
f ( ) — 1 F 1 rm VAR rm 7 m VAR m 7 (rmil)”ﬂ*l
1 (+l)ymbrm— 1-rn rm=1-rn .
rm=17"""7 rm=1 7
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