FILOMAT (Niš) 11 (1997), 149–151

AN ASYMPTOTIC ANALYSIS OF A LINEAR DIFFERENTIAL EQUATION

Julka Knežević Miljanović

We wish to study the asymptotic behavior of the solution of the differential equation

(1) u^{(n)} − qu = 0

on [0, ∞), particularly with respect to oscillation. A continuous function f from [0, ∞) to (−∞, +∞) is called oscillatory if and only if the set {t : t ≥ 0, f(t) = 0} is unbounded. Let q be a continuous function from [0, ∞) to (0, +∞), and let n be an integer n ≥ 2.

It is clear that (1) has nonoscillatory solutions. In particular, if k is an integer in [1, n] and z_k solves

(2) z_k (t) = t^{k−1} (k − 1)! + Z_t 0 (t − s)^{n−1} (n − 1)! q(s)z_k (s) ds

on [0, ∞), the z_k is a nonoscillatory solution of (1). We shall call a solution u of (1) strongly increasing if and only if each of u, u^′, u^{′′}, . . . , u^{(n−1)} is eventually positive.

On the other hand, it is known ([1]) that there is a positive solution u of (1) such that (−1)^k u^{(k)} > 0 for each k. We shall call a solution u of (1) strongly decreasing if and only if (−1)^ku^{(k)} is eventually positive for each integer k ∈ [0, n − 1]. Since we know that there exist strongly increasing and strongly decreasing solutions, the best conclusion one can hope for in an oscillation theorem is that every eventually positive solution is either strongly increasing or strongly decreasing.

Received March 25, 1997; Revised October 30, 1997 1991 Mathematics Subject Classification: 34C10, 34C15. Supported by the Serbian Scientific Foundation, grant N0 04M03. 149

150 J. Knežević Miljanović

Theorem. If (3) Z_{+∞} 0 t^{n−1}q(t) dt = ∞ or if (3) fails and the solution of the second order equation

(4) v^{′′}(t) + v(t) (n − 3)!

Z_{+∞} t (s − t)^{n−3}q(s) ds = 0 is oscillatory, then every eventually positive solution of (1) is either strongly increasing or strongly decreasing.

Proof. Assume that u is an eventually positive solution of (1) and u is neither strongly increasing or strongly decreasing. Find a ≥ 0 such that u(t) > 0 if t ≥ 0. Now u^{(n)} > 0 on [a, ∞), so u^{(n−1)} is eventually onesigned. Since u^{(n−1)} is eventually one-signed, u^{(n−2)} is eventually onesigned. Continuing this, we see that there is c ≥ a such that none of u, u^′, u^{′′}, . . . , u^{(n−1)} has any zeros in [c, ∞). Let j be the largest integer such that u^{(i)} > 0 on [c, ∞) if i ≤ j. Since u is not strongly increasing then j ≠ n. Now, u^{(j)} > 0 and u^{(j+1)} < 0 on [c, ∞), so u^{(j)} is bounded. Thus, if j ≤ k ≤ n − 1, u^{(k)}u^{(k+1)} < 0 on [c, ∞). Now, since u^{(j−1)} is increasing on [c, ∞) u^{(j)}(t) ≥ 1 (n − j − 1)! Z_{+∞} t (s − t)^{n−j−1}q(s)u(s) ds if t ≥ c, and

(5) u(s) ≥ 1 (j − 2)!

Z_s c (s − ξ)^{j−2}u^{(j−1)}(ξ) dξ ≥ 1 (j − 2)!

Z_s t (s − ξ)^{j−2}u^{(j−1)}(ξ) dξ ≥ u^{(j−1)}(t) (j − 2)!

Z_s t (s − ξ)^{j−2} dξ = u^{(j−1)}(t) (j − 1)! (s − t)^{j−1} if c ≤ t ≤ s. Then

u^{(j)}(c) ≥ 1 (n − j − 1)! Z_{+∞} c (s − c)^{n−j−1}q(s)u(s) ds ≥ u^{(j−1)}(c) (n − j − 1)!(j − 1)!

Z_{+∞} c (s − c)^{n−2}q(s) ds

An asymptotic analysis of a linear differential equation 151

so (3) fails. It remains to show that (4) is nonoscillatory. Now

−u^{(j+1)}(t) = 1 (n − j − 2)! Z_{+∞} t (s − t)^{n−j−2}q(s)u(s) ds if t ≥ c, and this and (5) say that

−u^{(j+1)}(t) ≥ u^{(j−1)}(t) (n − j − 2)!(j − 1)!

Z_{+∞} t (s − t)^{n−3}q(s) ds if t ≥ c. Since (n − j − 2)!(j − 1)! ≤ (n − 3)!, we have

u^{(j+1)}(t) u^{(j−1)}(t) ≤ − 1 (n − 3)!

Z_{+∞} t (s − t)^{n−3}q(s) ds.

Let w be given on [c, ∞) by w =^{u(j)}_{u(j}�_{1)} , and note that w(t) > 0 of t ≥ c. Now w^′ = u^{(j+1)} u^{(j−1)} − w^2 so (6) w^′(t) + w^2(t) ≤ − 1 (n − 3)!

Z_{+∞} t (s − t)^{n−3}q(s) ds if t ≥ c. But a clasical result of A.Wintner ([2]) and of (3) says that the existence of a positive solution of (6) implies that the solution of the equation (4) is nonoscillatory. This completes the proof.

References

[1] Hartman P., Wintner A., Linear differential and difference equations with monotone solutions, Amer. J. Math. 75 (1953), 731–741.

[2] Wintner A., On the nonexistence of conjugate points, Amer. J. Math. 73 (1951), 368–380.

[3] Swanson C.A., Comparison and oscillation theory of linear differential equations, Academic press, New York, 1968.

Matematički fakultet, Studentski trg 16, 11000 Beograd, Serbia, Yugoslavia