FILOMAT (Niš) 11 (1997), 33–40

ΣC-ULTRAFILTERS, P -SETS AND HCC-PROPERTY

Dušan Milovančević

Abstract. In this paper we further investigate the results given in [10], [11], [12]. In Section 2 we consider ΣC-filters (ultrafilters). Let X be a σ-compact, dense subspace of a locally compact space Y . The space Y is compact if and only if every ΣC-ultrafilter on X converges to some point in Y . In Section 3 we consider P -sets, ΣC-filters (ultrafilters) and HCC property. A locally compact space X is HCC if and only if every ΣC ultrafilter on X converges. In section 3 we also consider HCC extensions of locally compact spaces.

1. Introduction

The closure of a subset A of a space X is denoted by cl_X(A). In this paper we assume that all spaces are Hausdorff. For notions and definitions not given here see [5], [6], [12].

Let X be a topological space. Then:

exp(X) denotes the space of all nonempty closed subsets of X with finite topology. The finite topology on exp(X) is generated by open collection of the form ⟨U_1, . . . , U_n⟩ = {F ∈ exp(X) : F ⊂ n[_{i=1 Ui ∧ F ∩ Ui ≠ ?, i ∈ {1, . . . , n}},} where U_1, . . . , U_n are open subsets of X;

K(X) denotes the family of all nonempty compact subsets of X;

Σ(X) denotes the family of all σ-compact subsets of X; Σ(x) denotes the set of all σ-compact neighbourhoods of x ∈ X;

PX denotes the set of all P -points of X; W PX denotes the set of all weak P -points of X.

We use the standard definitions for filter base, filter and ultrafilter. An open filter base, filter, ultrafilter is a filter base, filter, ultrafilter consisting exclusively of open sets.

Received June 16, 1996; Revised November 11, 1996 1991 Mathematics Subject Classification: 54D30.

Supported by the Serbian Scientific Foundation, grant N0 04M01. 33

Definition 1.1. A Hausdorff space X is called absolutely closed (or Hclosed) if X is closed in every Hausdorff space in which is embedded ([6]).

Theorem 1.2. Let X be a Hausdorff space, then the following are equivalent:

(a) X is absolutely closed, (b) Every open filter base on X has a cluster point, (c) Every open cover of X has a finite dense subsystem (whose union is dense in X),

(d) Every open ultrafilter on X converges ([6]). �

2. ΣC-filters

Definition 2.1. A ΣC-filter is a nonempty subfamily F ⊂ Σ(X) satisfying the following conditions:

(a) ? /∈ F.

(b) If A_1, A_2 ∈ F, then A_1 ∩ A_2 ∈ F.

(c) If A ∈ F and G is σ-compact, A ⊂ G, then G ∈ F.

A filter U in Σ(X) is a maximal filter or a ΣC-ultrafilter in Σ(X), if for every filter F in Σ(X) that contains U we have F = U.

A filter base in Σ(X) is a nonempty family G ⊂ Σ(X) such that ? /∈ G and if A_1, A_2 ∈ G, then there exists an A_3 ∈ G such that A_3 ⊂ A_1 ∩ A_2.

One readily sees that for any filter base G in Σ(X), the family FG = {A ∈ Σ(X) : there exists a B ∈ G such that B ⊂ A}, is a ΣC-filter in Σ(X).

Definition 2.2. Let X be a locally compact space.

(a) A point x ∈ X is called a limit of a ΣC-filter F if Σ(x) ⊂ F; we then say that the ΣC-filter F converges to x and write x ∈ lim F.

(b) A point x is called a limit of a filter base G ⊂ Σ(X) if x ∈ lim FG; we then say that the filter base G converges to x and write x ∈ lim G.

Remark. Clearly, x ∈ lim G if and only if every compact neighbourhood of x contains a member of G.

Definition 2.3. Let X be a locally compact space. A point x is called a cluster point of a ΣC-filter F (of a filter base G) if x belongs to the closure of every member of F (of G).

Remark. Clearly, x is a cluster point of a ΣC-filter F (of a filter base G) if and only if every compact neighborhood of x intersects all members of F (of

G). This implies, in particular, that every cluster point of a ΣC-ultrafilter

is a limit of this ultrafilter.

Lemma 2.4. If U is a ΣC-ultrafilter in Σ(X), the following holds:

(a) If A ∈ Σ(X), then A ∩ U ≠ ? for all U ∈ U iff A ∈ U. (b) If A_1, A_2 are σ-compact subsets of X and A_1 ∪ A_2 ∈ U, then A_1 ∈ U or A_2 ∈ U.

Proof. (a) ⇐: If A ∈ U, then A ∩ U ≠ ? for all U ∈ U.

⇒: If A ∩ U ≠ ? for all U ∈ U and A /∈ U, then U ∪ {A} is a filter base in Σ(X), that contains U. Since U is a ΣC-ultrafilter in Σ(X), it follows that

A ∈ U._{(b) : Suppose that A1 /∈} U, A2 /∈ U and A1∪A2 ∈ U. Let G be a subfamily

of Σ(X). The set A ∈ Σ(X) is a member of G iff A ∪ A_1 ∈ U. Clearly, G is a ΣC-filter that contains U. Since U is a ΣC-ultrafilter in Σ(X), it follows that A_1 ∈ U or A_2 ∈ U. This completes the proof. �

Lemma 2.5. Let X be a σ-compact (closed) subset of a topological space Y and let F be a ΣC-filter in Σ(Y ). The family F_X = F ∩ X = {F ∩ X : F ∈ F} is a ΣC-filter in Σ(X) if and only if F ∩ X ≠ ?, for every F ∈ F.

Proof. (a) Empty set ? /∈ F_X ⇔ F ∩ X ≠ ? for all F ∈ F. Furthermore, every member of F_X is a σ-compact subset of X.

(b) Let sets A_1 ∩ X and A_2 ∩ X be contained in F_X . Then (A_1 ∩ X) ∩ (A_2 ∩ X) = (A_1 ∩ A_2) ∩ X ∈ F_X , (A_1 ∩ A_2 ∈ F).

(c) Also, if A ∩ X ∈ F and B is a σ-compact subset in Σ(X), A ⊂ B, then A ∪ B ∈ Σ(Y ) and A ∪ B ∈ F. We have B = (A ∪ B) ∩ X ∈ F_X.

So, we have shown that F_X is a ΣC-filter on X. �

The following is an immediate consequence of Lemmas 2.5. and 2.4.

Lemma 2.6. Let X be a σ-compact subset of a topological space Y and let

F be a ΣC-ultrafilter on Y . The family FX = F ∩ X = {F ∩ X : F ∈ F} is a

ΣC - ultrafilter in Σ(X) if and only if X ∈ F. �

Lemma 2.7. Let X be a σ-compact subspace of a locally compact space Y . If every ΣC-ultrafilter on Y converges, then every ΣC-ultrafilter on X converges to some point in cl_Y (X).

Proof. Let U be a ΣC-ultrafilter on X. Since the subset X ⊂ Y is σ-compact, it is easy to see that X ∈ U. It is clear that family U is a ΣC-filter base on Y .

Let U^′ be the ΣC-ultrafilter on Y generated by U. Now suppose U^′ → p ∈ Y .

By Definition 2.3, p ∈ lim U′ ⇔ p ∈ cl_Y (U ′) for each U ′ ∈ U′. Since the family U ⊂ U ′, the point p ∈ cl_Y (U) for each U ∈ U. Hence p ∈ lim U. This completes the proof. �

Proposition 2.8. Let X be a σ-compact, dense subspace of a locally compact space Y . The space Y is compact if and only if every ΣC-ultrafilter on X converges to some point in Y .

Proof. Let Y be a compact space. It is known that every ultrafilter on Y converges; in particular, every ΣC-ultrafilter on Y converges. From Lemma 2.7, it follows that every ΣC-ultrafilter on X converges to some point in Y .

Conversely, suppose that every ΣC-ultrafilter on X converges. We shall prove that every open ultrafilter on Y converges. Since Y is locally compact and Hausdorff it is Tychonoff. By Theorem 1.2, Y is a compact space. If

U^′ is an open ultrafilter on Y and U = U^′ ∩ X = {U^′ ∩ X : U^′ ∈ U^′},

then, by Lemma 1.5, U is an open ultrafilter on X. Clearly the family

B = {clY (U^′) ∩ X : U^′ ∈ U^′} is a filter base in Σ(X) (ΣC-filter base on

X). Let F be the ΣC-ultrafilter on X generated by B. Now suppose that

F → p ∈ Y = clY (X). From Definition 2.3, it follows that p ∈ lim F ⇔ p ∈

cl_Y (cl_y(U ′) ∩ X) for each U ′ ∈ U′. Therefore, for each U ′ ∈ U, we have that p ∈ cl_Y (U ′) ∩ cl_Y (X) = cl_Y (U ′) ∩ Y . Since, p ∈ cl_Y (U ′), for each U ′ ∈ U′, it is clear that U′ converges to p. �

Corollary 2.9. Let U be a ΣC-ultrafilter on X. If some U ∈ U is a compact subset of X, then U is a convergent ultrafilter on X. �

3. P-sets, weak P-sets and HCC property

Definition 3.1. Let X be a topological space. A point p ∈ X is said to be a P -point if the intersection of countably many neighborhoods of p is a neighborhood of p ([12]).

It can be shown that a point p ∈ X is a P -point if and only if every F_σ-set that is contained in X \ {p} has the closure contained in X \ {p}.

Definition 3.2. Let X be a topological space. A set A ⊂ X is said to be a P -set if the intersection of countably many neighborhoods of A is a neighborhood of A.

It is easy to see that every open set of X is a P -set. The reader can easily prove the following lemma.

Lemma 3.3. Let X be a topological space. The set A ⊂ X is a P -set if and only if every F_σ-set that is contained in X \ A has the closure contained in X \ A. If X is a compact space, then the set A ⊂ X is a P -set if and only if every σ-compact set that is contained in X \ A has the compact closure contained in X \ A. �

Remark. The set P_X (P_X denotes the set of all P -points of X) is a P -set. This is a direct consequence of Definition 3.1. and Lemma 3.3. The converse is not necessarily true (see Example 3.4.)

Example 3.4. Let R be the set of real numbers with the ususal metric topology. Every open interval (a, b) is a P -set, since for every F_σ-set A ⊂ (−∞, a] ∪ [b, +∞) the closure cl_R (A) ⊂ (−∞, a] ∪ [b, +∞). But P_X = ?, since R is second countable.

Lemma 3.5. Let X be a locally compact space. A compact set A ⊂ X is a P -set if and only if every σ-compact set that is contained in X \ A has the closure contained in X \ A.

Proof. ⇒ : Obvious.

⇐ : Let M be an F_σ-set that is contained in X \ A. Since X is locally compact, for every open set V ⊂ X that contains A there exists an open set U ⊂ X such that A ⊂ U ⊂ cl_X(U) ⊂ V and cl_X(U) is compact. The set M ∩cl_X(U) is a σ-compact set that is contained in X \A. By assumption the closure cl_X(M ∩cl_X(U)) ⊂ X \A. Furthermore, the closure cl_X(M) ⊂ X \A. According to Lemma 3.3, the set A is a P -set. �

Definition 3.6. A space X is HCC (hypercountably compact) if every σcompact set in X has the compact closure in X ([11]).

Theorem 3.7. For every Hausdorff locally compact space X the following conditions are equivalent:

(a) The space X is HCC.

(b) For every compactification cX the remainder cX \ c(X) is a P -set in cX. (c) There exists a compactification cX of the space X such that the remainder cX \ c(X) is a P -set in cX.

(d) Every ΣC-filter base on X has a cluster point. (e) Every ΣC-ultrafilter on X converges.

Proof. (a) ⇒ (b) Since X is locally compact, for every compactification cX the remainder cX \ c(X) is a closed (compact) set in cX. If X is an HCC space, then every σ-compact set in c(X) has the compact closure in c(X). By Lemma 3.5., cX \ c(X) is a P -set.

(b) ⇒ (c) Obvious.

(c) ⇒ (a) Since X is locally compact and Hausdorff it is Tychonoff. Therefore, there exists Stone-Čech compactification βX. The remainder X∗ = βX \ X is a compact set in βX. Let X∗ = βX \ X be the P -set in βX. According to Lemma 3.5, every σ-compact set M ⊂ βX \ X∗ has the closure cl_{βX}(M) ⊂ βX \ X∗ = X. Hence, X is HCC.

(d) ⇔ (e) Obvious.

(a) ⇒ (d) Let U be a ΣC-ultrafilter on X and U_0 be a member of U. Since X is CC(countably compact), cl_X(U_0) = Y is a compact subspace of X. Let

U^′ be the trace of U on Y . By Lemma 2.5, U^′ is a ΣC-filter on Y . Since Y

is compact, there exists a point p ∈ Y such that p is a cluster point of U′. Clearly, the point p is a cluster point of U. Hence every ΣC - ultrafilter on X converges.

(d) ⇒ (a) Suppose that every ΣC-ultrafilter on X converges and let A be any σ-compact subset of X. The family F_A = {B ∈ Σ(X) : A ⊂ B} is a ΣC-filter base on X. Let U be the ΣC-ultrafilter on X generated by F_A and

let U^′ be the trace of U on A. By Lemmas 2.6 and 2.7, U^′ is a ΣC-ultrafilter

on A and U′ → p ∈ cl_X(A). According to Proposition 2.8, the set cl_X(A) is a compact subspace of X. Hence, X is an HCC space. �

Definition 3.8. A pair (Y, c), is called an HCC (SCC) extension of a space X, if Y is an HCC (SCC) space and c : X −→ Y is a homeomorphic embedding of X in Y such that cl_Y (c(X)) = Y .*

Theorem 3.9. Let X be a Tychonoff space which is not an HCC space and let cX be a compactification of X with the following properties:

(a) The set P_{cX} is not empty set.

(b) The set P_{cX} ⊂ cX \ X. Then there exists an HCC extension χX of X such that χX is a subspace of cX.

Proof. Consider the subspace H(X) = cX \P_{cX} of cX. Since cX is compact, by Theorem 3.7, the remainder cX \ P_{cX} is an HCC subspace of cX. Let χX be the closure of c(X) in H(X) (c(X) ≈ X). The subspace χX = cl_{H(X)}(c(X)) = cl_{cX}(c(X)) ∩ H(X) = cX ∩ H(X). Hence, χX = H(X). Furthermore, the mapping i : c(X) −→ H(X) defined by i(y) = y, y ∈ c(X), is a homeomorphic embedding of c(X) in H(X). The mapping i ∘ c : X −→ H(X) is a homeomorphic embedding of X in H(X). By Definition 3.8, pair (H(X), i ∘ c) is an HCC extension of space X. �

Proposition 3.10. Let X be a topological space and let A be any closed subset of X. The subset A is a P -set if and only if the point A ∈ exp(X) is a P -point.

Proof. Suppose that a closed subset A ⊂ X is a P -set and let {⟨U^i_1, . . . , U^i_n⟩ : i ∈ N } be any countable family neighbourhoods of A ∈ exp(X). For every i ∈ N, the subset A ⊂ X is contained in U_i = ∪{U^i_k : k = 1, . . . , n}. Since A is a P -set, there exists a neighborhood U of A such that for every

*A space X is SCC (strongly countably compact) if every countable subset in X has compact closure in X (see [7]).

i ∈ N, A ⊂ U ⊂ U_i. Furthermore, for every i ∈ N, the neighborhood ⟩U ⟨ of A ∈ exp(X) is contained in ⟨U^i_1, . . . , U^i_n⟩. Hence A ∈ exp(X) is a P -point.

Conversely, suppose that A ∈ exp(X) is a P -point and let {U_n : n ∈ N } be any countable family of neighborhoods of A ⊂ X. The sets ⟨U_n⟩, n ∈ N, are neighborhoods of A ∈ exp(X). Since A ∈ exp(X) is a P -point, there exists a neighbourhood ⟨V_1, . . . , V_n⟩ of A ∈ exp(X) such that A ∈ ⟨V_1, . . . , V_n⟩ ⊂ ⟨U_n⟩, n ∈ N. The set A ⊂ X is contained in V = ∪{V_k : k = 1, . . . , n} and for every n ∈ N we have V ⊂ U_n. Hence the set A ⊂ X is a P -set. �

Theorem 3.11. Let X be a locally compact HCC space. If X is normal, then there exists an HCC extension of exp(X) and the space exp(X) has the SCC property.

Proof. It is clear that every HCC spase is a SCC space. By result of J.Keesling (see [7], Theorem 5), we have that exp(X) is SCC. Furthermore, the subspace K(X) ⊂ exp(X) is a dense HCC subspace of exp(X) (see [11], Theorem 2.2). By assumption the space exp(X) has a compactification and the mapping F : exp(X) −→ exp(βX) defined by F (A) = cl_{βX}(A), A ∈ exp(X), is a homeomorphic embedding (see [7]). By Theorem 3.7, the set βX \ X is a closed P -set in βX and applying Proposition 3.10, the point βX \X ∈ exp(X) is a P -point. It is clear that space exp(βX) is compact and by Theorem 3.2 in [11], the subspace exp(βX) \ {βX \ X} is an HCC space. It is easy to see that the point {βX \ X} is not contained in F (exp(X)). Hence F (exp(X)) ⊂ exp(βX)\{βX \X}. Since the property HCC is hereditary with respect to closed sets, the subspace cl_{exp(βX)}\{_{βX}\_X}(F (exp(X))) is an HCC space and pair (cl_{exp(βX)}\{_{βX}\_X}(F (exp(X))), F ) is an HCC extension exp(X). �

Definition 3.12. Let X be a topological space. A set A ⊂ X is a weak P -set if A ∩ cl(F ) = ? for each countable set F contained in X \ A.

It is easy to see that every P -set is a weak P -set. Furthermore, if W P_X denotes the set of all weak P -points* of X, then the set W P_X is a weak P -set. The converse is not necessarily true (see Example 3.4).

The proofs of the following two theorems are similiar to the proofs of Theorem 3.7 and Theorem 3.9 and will be omitted.

Theorem 3.13. For every Hausdorff locally compact space X the following conditions are equivalent:

(a) The space X is SCC.

*A point p ∈ X is a weak P -point if p /∈ clX(F ) for each countable subset F ⊂ X \ {p} (see [11]).

(b) For every compactification cX the remainder cX \c(X) is a weak P -set in cX. (c) There exists a compactification cX of the space X such that the remainder cX \ c(X) is a weak P -set in cX. �

Theorem 3.14. Let X be a Tychonoff space which is not an HCC space and let cX be a compactification of X with the following properties:

(a) The set W P_{cX} is not empty set. (b) The set W P_{cX} ⊂ cX \ X.

Then there exists a SCC extension σX of X such that σX is a subspace of cX. � References

[1] P.S. Aleksandrov, Vvedenie v teoriyu mnozhestv i obshuyu topologiyu, Nauka, Moskva, 1977.

[2] P.S. Aleksandrov, P.S. Uryson, Mèmoáre sur les espaces topologiques compacts, Verh.

Akad. Wetensch. Amsterdam 14, 1929.

[3] A.V. Arkhangelskii, V.I. Ponomarev, Osnovy obshei topologii v zadachakh i uprazhneniyakh, Nauka, Moskva, 1974.

[4] A. Bella, On the number of H-sets in a Hausdorff space, Rend. Acad. Sci. 10 (1986), 251–254.

[5] N. Bourbaki, Topologie générale, 4th ed., Actualites Sci. Ind., No. 1142, Hermann, Paris, 1965.

[6] R. Engelking, General Topology, PWN, Warszawa, 1977.

[7] J. Keesling, Normality and properties related to compactness in hyperspaces, Proc.

Amer. Math. Soc. 24 (1970), 760–766.

[8] J.K. Kelley, General Topology, New York, 1957.

[9] M. Marjanović, A pseudocompact space having no dense countably compact subspace, Glasnik Mat., Ser. III 6 (1971), 149–151.

[10] D. Milovančević, Neka uopštenja kompaktnosti, Mat. Vesnik 36 (1984), 233–243. [11] D. Milovančević, A property between compact and strongly countably compact, Publ.

Inst. Math. (Beograd) 38 (1985), 193–201.

[12] D. Milovančević, P -tochki, slabye P -tochki i nekotorye obobshcheniya bikompaktnosti, Mat. Vesnik 39 (1987), 431–440.

[13] J.R. Porter, Extensions of discrete spaces, Annals New York Acad. Sci. 704 (1993), 290–295.

[14] J.R. Porter, R.G. Woods, Extensions and Absolutes of Hausdorff Spaces, Springer- Verlag, Berlin, 1988.

[15] R.C. Walker, The Stone-Čech Compactification, Springer-Verlag, New York, 1974.

Department of Mathematics, Faculty of Mechanical Engineering, University of Niš, 18000 Niš, Yugoslavia