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GENERAL CONFORMAL ALMOST SYMPLECTIC
N-LINEAR CONNECTIONS

IN THE BUNDLE OF ACCELERATIONS

Monica Purcaru and Nicoleta Aldea

Abstract

The aim of this paper1 is to find the transformation for the coeffi-
cients of an N-linear connection on E = Osc2M, by a transformation
of nonlinear connections, to define in the bundle of accelerations the
general conformal almost symplectic N-linear connection notion and to
determine the set of all general conformal almost symplectic N-linear
connections on E. We treat also some special clases of general confor-
mal almost symplectic N-linear connections on E.

1 Introduction

The literature on the higher order Lagrange spaces geometry highlights
the teoretical and practical importance of these spaces: [4]− [7].

Motivated by concrete problems in variational calculation, higher order
Lagrange geometry, based on the k-osculator bundle notion, has witnessed a
wide acknowledgment due to the papers: [4]− [7], published by Radu Miron
and Gheorghe Atanasiu.

The geometry of k-osculator spaces presents not only a special theoretical
interest, but also an applicative one.

Due to its content, the present paper continues a trend of interest with
a long tradition in the modern differential geometry, i.e. the study of re-
markable geometrical structures.

In the present paper we find the transformations for the coefficients of
an N-linear connection on E = Osc2M , by a transformation of nonlinear
connections, (§2).

We define the general conformal almost symplectic N-linear connection
notion on E, (§3).
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We determine the set of all these connections and we treat also some
special clasess of general conformal almost symplectic N-linear connections
on E, (§4).

This paper is a generalization of the papers:[10]− [13]. Concerning the
terminology and notations, we use those from: [4], [9], which are essentially
based on M.Matsumoto’s book: [2].

2 The set of the transformations of N-linear con-
nections in the 2-osculator bundle

Let M be a real n-dimensional C∞-manifold and let (Osc2M,π, M) be
its 2-osculator bundle, with E = Osc2M the total space.

The local coordinates on E are denoted by: (xi, y(1)i, y(2)i), briefly:
(x, y(1), y(2)).

If N is a nonlinear connection on E, with the coefficients (N i
(1) j , N i

(2) j),
then let D be an N-linear connection on E, with the coefficients DΓ(N) =
= (Li

jk, C
i

(1)jk, C
i

(2)jk).

If N is another nonlinear connection on E, with the coefficients N
i

(1) j(x, y(1),

y(2)), N i
(2) j(x, y(1), y(2)), then there exist a uniquely determined tensor fields

A i
(α) j ∈ τ1

1 (E), (α = 1, 2) such that:

(2.1) N
i

(α) j = N i
(α) j −A i

(α) j , (α = 1, 2).

Conversely,if N i
(α) j and A i

(α) j , (α = 1, 2) are given, then N
i

(α) j , (α =
1, 2), given by (2.1) is a nonlinear connection.

Let us suppose that the mapping N → N is given by (2.1).
According to Cap.III, §3.3, [4], we have:

D δ

δxk

δ
δy(α)j = Li

jk
δ

δy(α)i , D δ

δy(β)k

δ
δy(α)j = C i

(β)jk
δ

δy(α)i ,

(β = 1, 2; α = 0, 1, 2; y(0)i = xi) and
δ

δxi = ∂
∂xi − N

j
(1) i

∂
∂y(1)j − N

j
(2) i

∂
∂y(2)j , δ

δy(1)i = ∂
∂y(1)i − N

j
(1) i

∂
∂y(2)j , δ

δy(2)i =
∂

∂y(2)i .

It follows first of all that the transformation (2.1) preserve the coeffi-
cients C i

(2)jk.
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Taking in account the fact that:

δ
δxi = δ

δxi + A j
(1) i

∂
∂y(1)j + A j

(2) i
∂

∂y(2)j , δ
δy(1)i = δ

δx(1)i + A j
(1) i

∂
∂y(2)j ,

it follows:

D δ

δxk

δ̄
δy(2)j = D δ

δxk

∂
∂y(2)j = L

i
jk

∂
∂y(2)i = D( δ

δxk +A l
(1) k

∂

∂y(1)l
+A l

(2) k
∂

∂y(2)l
)

∂
∂y(2)j =

= D δ

δxk

∂
∂y(2)j + A l

(1) kD( δ

δy(1)l
+N m

(1) l
∂

∂y(2)m
)

∂
∂y(2)j + A l

(2) kD ∂

∂y(2)l

∂
∂y(2)j =

= Li
jk

∂
∂y(2)i +A l

(1) kC
i

(1)jl
∂

∂y(2)i +A l
(1) kN

m
(1) lC

i
(2)jm

∂
∂y(2)i +A l

(2) kC
i

(2)jl
∂

∂y(2)i =

= (Li
jk + A l

(1) kC
i

(1)jl + A l
(1) kN

m
(1) lC

i
(2)jm + A l

(2) kC
i

(2)jl)
∂

∂y(2)i .

D δ

δy(1)k

δ̄
δy(2)j = D δ

δy(1)k

∂
∂y(2)j = C

i
(1)jk

∂
∂y(2)i = D( δ

δy(1)k
+A l

(1) k
∂

∂y(2)l
)

∂
∂y(2)j =

=D δ

δy(1)k

∂
∂y(2)j + A l

(1) kD ∂

∂y(2)l

∂
∂y(2)j = C i

(1)jk
∂

∂y(2)i + A l
(1) kC

i
(2)jl

∂
∂y(2)i =

= (C i
(1)jk + A l

(1) kC
i

(2)jl)
∂

∂y(2)i .

Therefore the change we are looking for is:

(2.2)





L
i
jk = Li

jk + A l
(1) kC

i
(1)jl + A l

(1) kN
m

(1) lC
i

(2)jm + A l
(2) kC

i
(2)jl

C
i

(1)jk = C i
(1)jk + A l

(1) kC
i

(2)jl,

C
i

(2)jk = C i
(2)jk.

So, we have proved:

Proposition 2.1 The transformation (2.1) of nonlinear connections imply
the transformations (2.2) for the coefficients DΓ(N) = (Li

jk, C
i

(1)jk, C
i

(2)jk)
of the N-linear connection D.

Now, we can prove:

Theorem 2.1 Let N and N̄ be two nonlinear connections on E, with the
coefficients (N i

(1) j, N i
(2) j), (N i

(1) j, N
i

(2) j)-respectively. If DΓ(N) =

(Li
jk, C

i
(1)jk, C

i
(2)jk) and DΓ(N) = (Li

jk, C
i

(1)jk, C
i

(2)jk) are two N-, respec-
tively N̄ -linear connections on the differentiable manifold E, then there ex-
ists only one quintet of tensor fields (A i

(1) j , A
i

(2) j , B
i
jk, D

i
(1)jk, D

i
(2)jk) such

that:
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(2.3)





N
i

(α) j = N i
(α) j −A i

(α) j , (α = 1, 2),

L
i
jk = Li

jk + A l
(1) kC

i
(1)jl + A l

(1) kN
m

(1) lC
i

(2)jm + A l
(2) kC

i
(2)jl −Bi

jk,

C
i

(1)jk = C i
(1)jk + A l

(1) kC
i

(2)jl −D i
(1)jk,

C
i

(2)jk = C i
(2)jk −D i

(2)jk.

Proof. The first equality (2.3) determines uniquely the tensor fields A i
(α) j ,

(α = 1, 2), [3]. Since C i
(α)jk, (α = 1, 2) are tensor fields, the second equation

(2.3) determines uniquely the tensor field Bi
jk. Similary the third and the

fourth equation (2.3) determine the tensor fields D i
(1)jk and D i

(2)jk respec-
tively.

We have immediately:

Theorem 2.2 If DΓ(N) = (Li
jk, C

i
(1)jk, C

i
(2)jk) are the coefficients of an N-

linear connection D on E and (A i
(1) j , A

i
(2) j , B

i
jk, D

i
(1)jk, D

i
(2)jk) is a quintet

of tensor fields on E, then: DΓ(N) = (Li
jk, C

i
(1)jk, C

i
(2)jk) given by (2.3) are

the coefficients of an N -linear connection D̄ on E.

The tensor fields (A i
(1) j , A

i
(2) j , B

i
jk, D

i
(1)jk, D

i
(2)jk) are called the differ-

ence tensor fields of DΓ(N) to DΓ(N) and the mapping DΓ(N) → DΓ(N)
given by (2.3) is called a transformation of N -linear connection to N -linear
connection, [2].

3 The notion of general conformal almost sym-
plectic N-linear connection in the bundle of ac-
celerations

Let M be a real n = 2n′-dimensional C∞-manifold and let (Osc2M,π, M)
be its 2-osculator bundle. The local coordinates on the total space E =
Osc2M are denoted by (xi, y(1)i, y(2)i).

We consider on E an almost symplectic d-structure, defined by a d-tensor
field of the type (0, 2), let us say aij(xi, y(1)i, y(2)i), alternate:

(3.1) aij(x, y(1), y(2)) = −aji(x, y(1), y(2)),

and nondegenerate:
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(3.2) det
∥∥aij(x, y(1), y(2))

∥∥ 6= 0, ∀y(1) 6= 0, ∀y(2) 6= 0.

We associate to this d-structure Obata’s operators:

(3.3) Φir
sj = 1

2(δi
sδ

r
j − asja

ir), Φ∗irsj = 1
2(δi

sδ
r
j + asja

ir),

where (aij) is the inverse matrix of (aij):

(3.4) aija
jk = δk

i .

Obata’s operators have the same properties as the ones associated with
the metrical d-structure on E, [8].

Let A2(E) be the set of all alternate d-tensor fields of the type (0, 2) on
E. As is easily shown, the relation for bij , cij ∈ A2(E) defined by:

(3.5) bij ∼ cij ⇐⇒ {∃ρ(x, y(1), y(2)) ∈ F(E)|bij = e2ρcij}

is an equivalent relation on A2(E).

Definition 3.1 The equivalent class: â of A2(E)/∼ , to which the almost
symplectic d-structure aij belongs, is called a conformal almost symplectic
d-structure on E = Osc2M .

Every a′ij ∈ â is a d-tensor field alternate and nondegenerate, expresed
by:

(3.6) a′ij = e2ρaij.

Obata’s operators are defined for a′ij ∈ â by putting (a′ij) = (a′ij)
−1.

Since equation (3.6) is equivalent to:

(3.7) (a′ij) = e−2ρaij,

we have

Proposition 3.1 Obata’s operators depend on the conformal almost sym-
plectic d-structure â, and do not depend on its representative a′ij ∈ â.

Let N be a nonlinear connection on E with the coefficients (N i
(1) j , N

i
(2) j)

and let D be an N-linear connection on E with the coefficients in the adapted
basis { δ

δxi ,
δ

δy(1)i ,
∂

∂y(2)i } : DΓ(N) = (Li
jk, C

i
(1)jk, C

i
(2)jk).
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Definition 3.2 An N-linear connection D on E, is said to be a general con-
formal almost symplectic N-linear connection on E, if it verifies the following
relations:

(3.8) aij|k = Kijk, aij

(α)

| k = Q(α)ijk, (α = 1, 2),

where Kijk, Q(α)ijk, (α = 1, 2), are tensor fields of the type (0, 3), hav-
ing the properties of antisymmetry in the first two indices:

(3.9) Kijk = −Kjik, Q(α)ijk = −Q(α)jik, (α = 1, 2),

,
(α)

, denote the h-and vα-covariant derivatives, (α = 1, 2), with respect
to DΓ(N).

Particularly, we can give:

Definition 3.3 An N-linear connection D on E, for which there exists a
1-form ω in X ∗(Osc2M), (ω = ω̃idxi+

·
ω(1)i δy(1)i+

·
ω(2)i δy(2)i) such that:

(3.10) aij|k = 2ω̃kaij , aij

(α)

| k = 2
·
ω(α)k aij , (α = 1, 2),

where and
(α)

denote the h-and vα-covariant derivatives (α = 1, 2) with
respect to DΓ(N), is said to be compatible with the conformal almost sym-
plectic structure â, or a conformal almost symplectic N-linear connection on
E with respect to the conformal almost symplectic structure â, corresponding
to the 1-form ω, and is denoted by: DΓ(ω).

For any representative a′ij ∈ â we have:

Theorem 3.1 For a′ij = e2ρaij, a conformal almost symplectic N-linear
connection with respect to â, corresponding to the 1-form ω, DΓ(ω) satisfies:

(3.11) a′ij|k = 2ω̃′kaij , a′ij
(α)

| k = 2
·
ω
′
(α) aij , (α = 1, 2),

where ω′ = ω + dρ.

Since in Theorem 3.1. ω′ = 0 is equivalent to ω = d(−ρ), we have:
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Theorem 3.2 A conformal almost symplectic N-linear connection with re-
spect to â, corresponding to the 1-form ω, DΓ(ω), is an almost symplectic

N-linear connection with respect to some a′ij ∈ â, (i.e. a′ij|k = 0, a′ij
(α)

| k = 0,

(α = 1, 2)), if and only if ω is exact.

4 The set of all general conformal almost symplec-
tic N-linear connections in the bundle of accel-
erations

Let
0
N and N be two nonlinear connections on E = Osc2M , with the

coefficients (
0

N i
(1) j ,

0

N i
(2) j) and (N i

(1) j , N
i

(2) j) respectively.

Let D
0
Γ (

0
N) = (

0

L i
jk,

0

C i
(1)jk,

0

C i
(2)jk), be the coefficients of an arbitrary

fixed
0
N -linear connection on E. Then any N -linear connection on E, with

the coefficients DΓ(N) = (L i
jk, C

i
(1)jk, C

i
(2)jk), can be expressed in the form

(2.3), taking DΓ(N) for DΓ̄(N̄) and D
0
Γ (

0
N) for DΓ(N), where (A i

(1) j ,

A i
(2) j , B

i
jk, D

i
(1)jk, D

i
(2)jk) is the difference tensor fields of D

0
Γ (

0
N) to DΓ(N).

In order that DΓ(N) is a general conformal almost symplectic N-linear
connection on E, that is (3.8) holds for DΓ(N), it is necessary and sufficient
that Bi

jk, D
i

(1)jk, D
i

(2)jk satisfy:

(4.1)





Φ∗irsj Bs
rk = −1

2aim[a
mj

0

|k
+ A l

(1) kamj

(1)

0
| l

+(A l
(2) k + A r

(1) k

0

N l
(1) r)amj

(2)

0
| l −Kmjk],

Φ∗irsj D s
(1)rk = −1

2aim(amj

(1)

0
| k + A l

(1) kamj

(1)

0
| l −Q(1)mjk),

Φ∗irsj D s
(2)rk = −1

2aim(amj

(1)

0
| k −Q(2)mjk),

where
0

and

(α)

0

, (α = 1, 2), denote the h-and vα-covariant derivatives,
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(α = 1, 2), with respect to D
0
Γ (

0
N).

Thus, we have:

Proposition 4.1 Let D
0
Γ (

0
N) be a fixed

0
N -linear connection on E. Then

the set of all general conformal almost symplectic N -linear connections,
DΓ(N) is given by (2.3), where B i

jk, D i
(α)jk, (α = 1, 2), are arbitrary tensor

fields satisfying (4.1). Especially, if D
0
Γ (

0
N) is a general conformal almost

symplectic N-linear connection, then (4.1.) becomes:

(4.2)





Φ∗irsj Bs
rk = −1

2aim[A l
(1) kamj

(1)

0
| l + (A l

(2) k + A r
(1) k

0

N l
(1) r)amj

(2)

0
| l],

Φ∗irsj D s
(1)rk = −1

2aimA l
(1) kamj

(1)

0
| l,

Φ∗irsj D s
(2)rk = 0,

From Theorem 5.4.3[4], however, the system (4.1) has solutions in B i
jk,

D i
(α)jk,

(α = 1, 2). Substituting in (2.3) from the general solution we have:

Theorem 4.1 Let D
0
Γ (

0
N) be a fixed

0
N -linear connection on E. The set

of all general conformal almost symplectic N -linear connections DΓ(N) is
given by:



General Conformal Almost Symplectic N-Linear Connections 15

(4.3)





L i
jk =

0

L i
jk +X l

(1) kC
i

(1)jl + X l
(1) kN

m
(1) lC

i
(2)jm + X l

(2) kC
i

(2)jl+

+1
2aim[a

mj
0

|k
+ X l

(1) kamj

(1)

0
| l + (X l

(2) k + X r
(1) k

0

N l
(1) r)amj

(2)

0
| l−

−Kmjk] + Φir
sjX

s
rk,

C i
(1)jk =

0

C i
(1)jk +

0

C i
(2)jl X l

(1) k + 1
2aim(amj

(1)

0
| k + X l

(1) kamj

(2)

0
| l−

−Q(1)mjk) + Φir
sjY

s
(1)rk,

C i
(2)jk =

0

C i
(2)jk +1

2aim(amj

(2)

0
| k −Q(2)mjk) + Φir

sjY
s

(2)rk,

where N i
(α) j =

0

N i
(α) j −X i

(α) j , X
i

(α) j , X
i
jk, Y i

(α)jk, (α = 1, 2) are arbitrary

tensor fields, and
0

,

(α)

0

, denote the h-and vα-covariant derivatives, (α =

1, 2), with respect to D
0
Γ (

0
N).

If we take a general conformal almost symplectic N-linear connection as

D
0
Γ (

0
N), in Theorem 4.1, then (4.3) becomes:

(4.4)





L i
jk =

0

L i
jk +X l

(1) kC
i

(1)jl + X l
(1) kN

m
(1) lC

i
(2)jm + X l

(2) kC
i

(2)jl+

+1
2aim[X l

(1) kQ(1)mjl + (X l
(2) k + X r

(1) k

0

N l
(1) r)Q(2)mjk] + Φir

sjX
s
rk,

C i
(1)jk =

0

C i
(1)jk +

0

C i
(2)jl X l

(1) k + 1
2aimQ(2)mjlX

l
(1) k + Φir

sjY
s

(1)rk,

C i
(2)jk =

0

C i
(2)jk + + Φir

sjY
s

(2)rk,

where N i
(α) j =

0

N i
(α) j −X i

(α) j , X
i

(α) j , X
i
jk, Y i

(α)jk, (α = 1, 2) are arbitrary

tensor fields and
0

,

(α)

0

, denote the h-and vα-covariant derivatives, (α = 1, 2),

with respect to D
0
Γ (

0
N).
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Observations 4.1.
(i) If we consider X i

(α) j = Xi
jk = Y i

(α) jk = 0, (α = 1, 2), then from
(4.3) we obtain the set of all general conformal almost symplectic N-linear
connections, corresponding to the same nonlinear connection N, [13].

(ii) If we take Kijk = 2aijω̃k, Q(α)ijk = 2aij
·
ω(α)k, (α = 1, 2), such that

ω = ω̃idxi+
·
ω(1)i δy(1)i+

·
ω(2)i δy(2)i is a 1-form in X ∗(Osc2M), and if we

preserve the nonlinear connection N, (i.e.N =
0
N), then from (4.3) we obtain

the set of all conformal almost symplectic N-linear connections, correspond-
ing to the same nonlinear connection N, [12].

(iii) If we consider Kijk = 0, Q(α)ijk = 0, (α = 1, 2), and if we preserve

the nonlinear connection N, (i.e.N =
0
N), then from (4.3) we obtain the set

of all almost symplectic N-linear connections, corresponding to the same
nonlinear connection N, [11].

(iv) Finally, if we preserve the nonlinear connection N, (i.e.N =
0
N) from

(4.4), we obtain the transformations of general conformal almost symplectic
N-linear connections, corresponding to the same nonlinear connection N,
[13].
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