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ON SOME SECOND ORDER CESARO DIFFERENCE
SPACES OF NON-ABSOLUTE TYPE

MIKAIL ET AND EBERHARD MALKOWSKY

ABSTRACT. The second order Cesaro sequence spaces of non—absolute
type X,(A?) for 1 < p < co were defined and studied in [1]. It seems,
however, that the characterizations of their S—duals given there do not
hold for 1 < p < co. In this paper, we determine the S-duals (X,(A?))?
for 1 <p < oo.

1. INTRODUCTION

Let w denote the set of all complex sequences = = (x)7>,. We write (o,
¢, cg and cs and ¢ for the sets of all bounded, convergent, null sequences and
for the sets of all convergent and absolutely convergent series, respectively,
and £, = {x € w: 252, |vxP < 00} for 1 < p < co. As usual, e and e(™
(n =1,2,...) are the sequences with e, = 1 (k = 1,2,...), and e%n) =1
and eén) =0 (k #n). We write n* = (n")% |, k* = (k)2 for A € R and
1/n=(1/n);%,;.

Let 2,y € w and X C w. We write 2y = (z3y)3, 2 1Y = {a € w:
ar €Y}, 2P = 271 x ¢cs and

X8 = ﬂ 2P ={a € w: Y2 japxy converges for all z € X}
reX
for the f-dual of X.

Given any infinite matrix A = (ank)f;’k:l of complex numbers and any
sequence x, we write A, = (ank)je; for the sequence in the n-th row of
A, An(z) = Y5l jankzr (n = 1,2,...) and A(z) = (An(x))22,, provided
A, € zP for all n. Furthermore, X4 = {z € w : A(x) € X} denotes the
matriz domain of A in X. We define the matrices %, A and F by Y, =1
(1<k<n),Zu=0(Fk>n), App =1, Appy1 = —1, Ay = 0 (otherwise),
enk =1 (k>n+1) and e, = 0 (1 < k < n) for all n, and write A? = AA.
Then the sets X,(A?%) = ((1/n)~! % £,)sa2 are the second order Cesaro
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difference sequence spaces of non—absolute type (cf. [1]). Throughout, let
g=occforp=1,g=p/(p—1)forl <p < ooand ¢g =1 for p=o0. We
write R = E(a) for a € cs, that is R, = Y72, 1ax (n =1,2...). For any
subset X of w, we write S(X) = {z € X : 1 = 22 = 0}. Since (AX)(z) =
(—p41)5%, for all x € S(X), we have S(X,(A?%) = S((1/n)~L x £y)a).
Furthermore, obviously (X,(A2))? = (S(X, (AQ)))ﬂ. In [1], it was stated
that

(X,(A%)P = (n" x4, for 1 < p < oo (1.1)

First we observe that (1.1) does not hold for 1 < p < co. To see this, we
put,

This yields

1
Z |kRE|? = Z 3 <00, that is R € n™! £,

n=1

1 1 1 1
Ag(@)] = (k+ 1) F2 — kT2 < (1 + 2q> (k+1)% (k=3,4,...)

by the mean value theorem, hence, for 1 < p < co with M = (1 +1/(2¢))?,

i <’A’“l§x)|> < 2P M- Z

=2PM- < 00,
k=3 ].;;1 k’—f—l(l /ap+ Z

1+2q

that is z € S(X,(A?)), and we have for p = oo, that is ¢ = 1

|Ag ()] c3VE+1
k —2 k

(k=3,4,...), that is x € S(Xo(A?)),

but

11 2n(1+ ) _ 2%
2/‘1 2” n 2/q

|a2nl‘2n’ = |<R2n_1 — Rgn)$2n| = — OO (n — OO),

that is ax & cs.
In this paper, we determine the 3-duals of X,(A?) for 1 < p < co.

2. THE 3—DUALS OF THE SETS X,(A?)

Now we determine (S(X,(A?)))? for 1 < p < co. We start with
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Remark 2.1. We put

DY) = (nfl * ﬁq) and DI()Q) = ((n21/19)1 ¥ €°°>E (1<p<oo)
E

’ (02 % o) (b = o).

Then D(l) g ), but if 1 < p < oo then neither D(l) - D;,(,Q) nor D1(22) -
(1)
Dy~ .

Proof. The identity D%l) = D?) is obvious from the definition of the sets
DI(,U and D,(,Z). Let 1 < p < co. We define the sequence a by a; = a2 = 0
and

1 1 1

1
B >
(log (n — 1))1/(] (TL _ 1)1+1/q (10gn)1/q n1+1/q for n > 3.

Ay —

Since 1/p+1/g=1for 1 < p < oo and 1/p =0 for p = co, we obtain
1 1
= >
R, (log n)1/4 n1+1/a forn > 2,

‘RQ—I/pRn’ _ ‘nHl/an’ _

— 0 (n — o00) and

(log n) 1/
T S @\ pO
E [nR,| —n R = 00, hence a € Dy’ \ Dy .
We define the sequence a by agn = —agny; = —n 227" (n=1,2,...) and

ap = 0 otherwise. This yields Ron = n7227" (n = 1,2,...) and Ry = 0
otherwise, Y7 1 |kRx|? = 3.2° , n=2% < 0o and
1 on/q

— L~ (n— o),

n\2—1/p _ (on\1+1/q
’(2 ) Fan ‘ (2%) n22n 2

henceaeD \D O

Theorem 2.1. We put M; = Dgl) and M, = D}(,l) N D},Q) for 1 << oo.
Then we have (S(X,(A2)))? = M,. Moreover, if a € (S(X,(A2)))? then

Z apTL = Z RiA(zy) for all x € S(X (AQ)) (2.1)

Proof. We write Y = S(X,(A?)).
First we assume a € M,. Let y € Y. Then z = (n)"'A(y) € ¥,, and

a € DIV, that is nR € £,, implies || RA(y)|1 < |nR|4]lz]l, < 0o, hence
RA(y) € cs. (2.2)
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We define the matrix A and the sequence z by

— < k<
amk—{OkRm (1<k<m) and z, = Ap(z) (m=1,2,...).

(k> m) (2.3)
If p=1, then nR € ¢, implies that there is a constant C' such that
k
lamk| = k|Rm| < EC for all m, (2.4)

and since obviously D( ) ¢ gl) for all p > 1, this inequality holds for all p.
Thus

n}iinm ami = 0 for each fixed k. (2.5)
Now (2.4) and (2.5) together imply A € (l1,¢p) by [2, Example 8.4.1A, p.
126].
Ifl<p<oo,thenae D](;z) yields

supz |amik|? = sup (\Rm|q Z kq> < sup ‘mH‘l/qR ‘ < o0.
™ k=1 k=1

This and (2.5) together imply A € (¢,,co) by [2, Example 8.4.5D, p. 129].
Ifp=o00,ac Dg)) yields

o0

1
lim S |ams| = lim R, AL
m—>ook:1 m—00 2

This and (2.5) together imply A € (¢, co) by [2, Theorem 1.7.19, p. 17].
Finally, (2.2), A € (¢, cp) and Abel’s summation by parts

Z arYr = — Z RiAk(y) — RYmy1 = Z RipAk(y) — 2z, for all m
k=1 k=1 (2.6)

together imply ay € cs, that is a € Y?. Thus we have shown M, C Y28,
Conversely we assume a € YP. Then az € c¢s for all z € Y. First b =
(0,0,1,...) € Y implies ab € cs, and so the sequence R is defined. Let
y € Y be given. Then z = A(y) € (1/n)~L x4, yp = —Zf;ll x; for
k=1,2,..., and we have

zn:ak nz_j(z )xkforn:1,2,.... (2.7)
k=1 k=1
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Defining the matrix B = (b,)5%_; by

- > aj 1<k<n-1
bpk = j=k+1 ! ( ) (n=1,2,...),

0 (k> n)

we conclude B € ((1/n) "1 %4y, ¢) C ((1/n)" x4y, ). Now B € ((1/n) "L«
lp, U~ ) if and only if B e (£, ls) where by, = kbyy, for all n and k, and so

Sy =sup | Bully < o0 (2.8)

by [2, Example 8.4.1A, p. 126 (p = 1), 8.4.5D, p. 129 (1 < p < o0) and
8.4.5A, p. 129 (p = 0)].
If p =1, then (2.8) yields |kRy| = limy, o0 [k 32711 as] < S1 for all k, that

is R € k=1 % £y, hence a € M;. Thus we have shown Y? C D%l) = M;.
Now let p > 1 and m € IN be given. Then (2.8) yields

m—1 q
> K
k=1

< HBan < 57 for all n > m,
and so Y7 [ERg|Y = limp—oo Yoy K9 ) py 1 aj]7 < ST, Since m € IN
was arbitrary, we have kR € {,. that is a € DI(,U. We define the matrix
A and the sequence z as in (2.3). Then we have z € ¢ by (2.3), that is
A€ (Ly,c).
For 1 < p < oo, there is a constant C' such that

n

> a4

j=k+1

C (\Rm|m1+1/q)q < [Rpn|?> kT = sup || Ayl for all m,
k=1 "

and sup,, || Ap||2 < oo by [2, Example 8.4.5D, p. 129], that is R € (n!t1/a)=1y
loo, hence a € D,(f). Thus we have shown Y” C D;()I) N D§;2) = M,.
If p = oo, then >-72 |ami| = 0 by [2, Theorem 1.7.18 (ii), p. 15], since
limy, o0 @k = klimy, oo Ry, = 0 for each fixed k. But we have >"72 |ami| =
Rl k= Rym(m+1)/2and so R € (n?)"!xcp, that isa € D). Thus
we have shown Y% D(()? N D(()%) = M.
If a € (S(X,(A2)))?, then (2.1) is obvious from (2.6). O
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