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DIRECT LOCAL AND GLOBAL APPROXIMATION
THEOREM FOR BERNSTEIN - TYPE OPERATORS

ZOLTAN FINTA

ABSTRACT. Direct local and global estimates are established for Bern-
stein - type operators using Ditzian - Totik modulus of smoothness of
second order.

1. Introduction

In [2] it was shown, among others, that for the Bernstein operator

Bn(f, ) _kzn:_o Prk(z) f <i> . Png(z) = ( Z > a*(1—z)nk

the estimate

1) Bulfi) - f@)] < € (£ 2
holds true for = € [0,1], p(x) = /z(l —x) and f € CJ0,1], where the

Ditzian - Totik modulus of second order is given by

wi(f,0) = sup sup | f(z+ ho(z)) = 2f(x) + f(z — ho(x)) |,
0<h<§ z+hé(x)€[0,1]
in which ¢ : [0,1] — R is an admissible step - weight function of the Ditzian
- Totik modulus ( see [1, p. 8] ) such that ¢? is a concave function.

The aim of the paper is to give a direct local and global approximation
theorem for Bernstein - type operators, similar to ( 1 ), replacing the con-
dition ¢? is concave function.

In what follows we suppose that ¢ : [0,1] — R is an admissible step -
weight function ( see [1, Section 1.2] ) such that g = §(0) = (1) € [0,1/2]
and ¢(z) ~ 2% as x — 0+, ¢(x) ~ (1 —x)% asx — 1 —. Then, by [1, p. 24,
Theorem 3.1.2 | we have that the K - functional K» 4(f,§%) and the Ditzian
- Totik modulus wé( f,0) are equivalent. Here

K 52) = inf o 52 2 1 52/(176) "
200 = ink LI gl 07 6+ lo"ll §
and | - || denotes the uniform norm on [0, 1].
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Furthermore, we need the following definition : the function ¢ : [0,1] — R
is quasi - conver if for every x1,x2 € [0, 1] and v between 1 and x5 we have

P(v) < max{y(z1),9(z2)}-

2. The direct approximation theorem

Our main result is the following
Theorem 1. Let L,, : C[0,1] — C[0,1] be a sequence of uniformly bounded
posz’tz’ve linear operators such that Ly(u — xz,2) = 0 and L,((u — x)%,2) <
Cy- 2 £ () ,x€[0,1],n=1,2,... If there exists A € [0, 1] with the properties

(1) the function ¢ (z) = qugag)x is quasi - convezx on [0,1] and
) L

u—x)? AM1—x)? ur (1—u)? C 2(x)
(s ( ¥ @A-( R ) )x> < G for w€
,’1_5
then the pointwise approximation
2 L,(f,x)— f(x <Cw2<,n_1/2-(p(m)>
2) L)~ f@)] < C(fn72- 50

holds true for x € [0,1], n=1,2,... and f € C[0,1], where the constant C
depends only on ¢.

Remark 1. (1,05, Cs,Cy, C5, Cg denote absolute positive constants and
C > 0 is an absolute constant which depends only on ¢. The value of C
may vary with each occurrence.

To prove our theorem we need the following two lemmas :

Lemma 1. For z,u € (0,1), A € [0,1] and v between x and u we have

lu — | |lu—x
M1 —v)d T M1 —2)N

Proof. If x < v < w then 1/v* < 1/2* and the function h(v) = (u —
v)/(1—v)* is decreasing on [z, u]. So h(v) < h(z). Hence h(v)/v* < h(x)/z.
Analogously, if u < v < x then 1/(1 —v)* < 1/(1 — z)* and the function
h(v) = (v—u) /v is increasing on [u, 2]. Therefore h(v) < h(z) and h(v)/(1—
v)» < h(z)/(1 — 2)*, which was to be proved.

Lemma 2. For z € [0,1/n)U (1 —1/n,1] and « € [0, 1] we have

Pe) <a¢2($) 1)

n (1—2)* n

Proof. We have to prove that

=0) ¢ (oo 1)
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This is equivalent with

(z(l —a)- i)l < pia( - gyia L

n

or 2 (1—xz)2 < (1/n)% or z(l—z) < 1/n. But the last estimate is
true for z € [0,1/n) U (1 —1/n, 1].

Proof of the theorem. Let z € [1/n,1—1/n] and ¢’ € A.C.14¢[0,1]. In view
of Taylor’s expansion

u

ow) = 9(o)+ (=) @)+ [ (w=v)g"(w) do
and L,(u — z,x) = 0 we obtain

|La(g,2) — g(z)] < Ln< / (u—v) g"(v) dov x)

< (| [ el o)
< (][t a] o) e
6 = (| [ e P | ) e

)
By (i), we have for v between x and wu that (v) < max{y(z),¥(u)} <
U(x) +Y(u ) Hence, in view of ( 3 ), Lemma 1 and (éi) we have

[ Ln(g,2) — g(z)| <

=" -(””232(? ) o)1

| /\

u—x)? 1—z)* l—u "
<o (et (2O ) o) 16
2 X
@ <% 20y

Furthermore, if z € [0,1/n) U (1 —1/n,1] and ¢’ € A.C.;4c[0, 1] then from
u

ou) = 9(o)+ (=) g@)+ [ (w=v) ") do

weobtain |Ln(g,2)~g(2)| < La((u—2)?2)|lg"||. Using Ln((u—2)?2) <
Cy - @ and Lemma 2 for o = 23 € [0,1] we get

2
2 2 5755
p*(x p*(x 1Y) 2-20
Lulg) =9 < G- T < G (i 1)

) - o
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But for ¢ we have 8 = 3(0) = £(1). So there exists C = C(¢) > 0 such

that 2
x 1 1
Ba_gp = ¢ o wG[O,n>U<1—n,1]
Hence, by ( 5 ) we have
(6) 2 2
P x) L\T# . L @\,
|Ln(g,2)=g(@)] < C<¢2(x) n> gl = C(n qb(@) 19"l

In conclusion (4 ) and ( 6 ) imply
[Ln(g,2) — g(z)| <

) S
M < c{(Wm) -r|¢29"|+(n—1/2-m> B-Ilg”ll}

for every x € [0,1].

On the other hand, {L,} is a sequence of uniformly bounded operators,
therefore || L, f|| < C4 ||f|| for n=1,2,... and f € C|0,1]. Hence, by (
7 ) we obtain

|Ln(f, ) = f(x)] <
< |Ln(f —g,2) = (f — 9) ()| + | Ln(g, ) — g(z)]
< (Ca+ 1) |f =gl + [Ln(g,2) — g(z)]

: 2,
c {||f—g||+(n—l/2-“”(”"”>) 1+ (w2 ) ﬁ-ng"n}

IN

¢(z)

_ 2
Using the equivalence between Ko 4 (f , <n—1/2 . M) ) and w% (f , n-1/2. 90(“7)>

é(z) é(x)
we get the assertion of our theorem.

Remark 2. There are functions ¢ : [0,1] — R such that
z(1—x)
Y(r) = ——=, xel0,1
@) = Lo 0.1]

is quasi - convex and ¢* is non - concave.

Indeed, the function

1, if z¢ [0,}11] U [3,1]
vy =9 “2ag, i we (]
is quasi - convex on [0, 1] and
w(l—a), i e 03] U[}]
P (z) = f(;;fg’ it ze (L]
W i e (L))
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is not a concave function on [0, 1], because
d® [(x(1—2x) 6(3 — 4x)
dm2< 3— 4z ) = Bodnt Y
for x € (1/4,1/2).

3. Applications

In this section we shall apply our theorem for some well - known positive
linear operators, when ¢?(z) = z*(1 —2)*, 0 < A < 1. So we obtain
estimates similar to ( 2 ), which combine the classical estimate (A = 0) and
the estimate developed by Ditzian - Totik (A = 1).

Let us observe that for ¢?(z) = 2*(1 — z)* the conditions (i) and (i) are
satisfied. Indeed, in this case ¢(z) = 1, x € [0, 1], which is obviously quasi
- convex and

L (20 (Bl 4 i) 2) =

2
= P P
< 202' 0% (z) B 2(3’2'4,02(33)
= n 2Ml-2)*  n ¢X(a)’

x € [1/n,1 —1/n], respectively. Therefore we have the following results:

a) Stancu operator [5] is defined by

n

SLfa) = 3wl ) f<,i>

k=0

where z € [0,1], f € C[0,1] and

n\ Moy (w+it) W2 (1 -2+ jt)

Wy (T, t) = 1 T
I =y (1+1t)
t is a positive parameter which may depends only on the natural
number n. We have S (u — z,z) = 0 and
1+nt Cs
Cx(1 — < 221 —

n(l+t) w(l-2) < n (1 —2)
if t =t(n) =0(mn~1). So

Si(fi0) = f@)] < €Wl (Fn72 @),

where x € [0,1], f € C[0,1], t =t(n) = O(n" 1), n=1,2,...
b) Goodman - Sharma operator [4] is defined by
Un(f,2) =

)

Sp((u—2)%2) =

n—1 1
= f(O)pno(x) + F(D)pnn(@) + D pur() / (n—1) pn—a2k-1(t) f(t) dt,
k=1 0
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where x € [0,1] and f € C[0,1]. We have U,(u — x,z) =0 and

Un((u—2)?,2) = nil-x(l—m) < %-x(l—x).

Then
Un(f.2) = F@)| < C Wl (£072 01 @),

z €[0,1], feC[0,1], n=1,2,...
¢) The generalized Goodman - Sharma operator was defined in [3] as

follows :
Up(f,x) =
n—1 1
= f(o)wn,O(xv t)“‘f(l)wn,n(wv t)+z wn,k(xa t) /0 (n_l) pn—27k—1(t) f(t) dt,
k=1

where z € [0,1], f € C[0,1] and w, x(x,t) is given in a). We have
Ult(u—z,2)=0 and

24+ (n+1)t

(n+1)(1+1¢)

ift=t(n)=0((n+1)"1). So
UL(f.2) = f@)] < Cwl (fn72 ¢ @),

where z € [0,1], f € C[0,1], t=t(n) =0((n+1)"Y), n=1,2,...

Cs

UL((u— )% 2) cz(l—z) < - cx(l —x)
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