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A GENERALISATION OF KUREPA’S INEQUALITY

S. S. DRAGOMIR

ABSTRACT. A generalisation of Kurepa’s inequality in inner product
spaces that extends in its turn the de Bruijn refinement of the Cauchy-
Buniakovsky-Schwarz inequality for sequences of real and complex num-
bers is given.

1. INTRODUCTION

In 1960, N.G. de Bruijn proved the following refinement of the celebrated
Cauchy-Bunyakovsky-Schwarz (C'BS) inequality, see [1] or [3, p. 48]:

Theorem 1. Let (ai,...,a,) be an n-tuple of real numbers and (z1, ..., 2zn)

a n-tuple of complex numbers. Then

2 2 2 2 2
S| <5300 [l ¢ |3t (<3 Ylar)
k=1 k=1 k=1 k=1 k=1 k=1
FEquality holds in (1.1) if and only if, for k € {1,...,n}, ar = Re (Az),
where \ is a complex number such that \? Py z,% is a nonnegative real
number.

(1.1)

For various results in connection with the discrete (C'BS)-inequality see
the recent book [3].

In 1966, in an effort to extend this result to inner products, S. Kurepa
considered the following setting (see [2]):
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Let H be a real inner product space endowed with the scalar product (-, -)
and the norm generated by the scalar product [|-|| = \/(:,-). The complezi-
fication Hc of H is defined as a complex linear space H x H of all ordered
pairs (z,y) (z,y € H) endowed with the operations:

(1.2) (z,y) + (¢, ¢) = (z+ 2",y + ),
(1.3) (o +i7) - (z,y) := (0x — Ty, T + OY) ,

where x,y,2',y € H and 0,7 € R.
If 2= (z,y) € Hc and 2’ € (2/,y') € Hc then we can define on Hc the
following complex scalar product

(1.4) (2, 2= (z,2") + (y,y) +i{y,a") —i{z,y)
generating the norm
2 2\ /2
Izle = (el +yI”) s 2 = (@) € He.

With this inner product (Hc; (-, -)c) becomes a complex inner product space.
In this space we can also define the conjugate vector z of z = (x,y) by

(1.5) z = (z,—y).
In agreement with the scalar case we denote
(1.6) Rez := (z,0), Imz:=(0,y).

Formally, we can write z = x+iy = Rez+ilm z and Z = z—iy = Re z—ilm z.
We can now state the result due to Kurepa that provides a generalisation
of the de Bruijn inequality.

Theorem 2. Let (H;(-,-)) be a real inner product and (Hc; (-,-)) its com-
plexification. For any a € H and z € Hc we have the inequality

A7) Geabol < lal? |5 1212 + 12l | (< ol 1212)

If we take some particular examples of inner products, then we may obtain
some interesting refinements of the (C'BS)-inequality.

Corollary 1. Let (S, X, p) be a positive measure space and f,g € Lo (S, %, ) .
If f is a real valued function and g a complex valued function on S, then

|

2
(1.8)

/ £(5) g (s) du(s)
S

< [POa |y [lo@k e+ g [ 6

(< [F@ne [laorane).
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Corollary 2. If (ay,...,ay) is an n-tuple of real numbers, (z1,...,2,) an
n-tuple of complex numbers and (A;j) a positive definite n x n real matriz,

then:
2

n n n n
1 1 _
(1.9) Z Aijaizj S Z Aijaiaj 5 Z AijZiZj + 5 Z Aijzizj
i,7=1 2,7=1 i,7=1 2,7=1
n n
< Z Aijaiaj Z Aijzin
ij=1 ij=1

In this paper, a generalisation of Kurepa’s inequality for the case of three
vectors in real or complex inner product spaces is given.

Applications for discrete and integral inequalities extending the de Bruijn
result (1.7) are also given.

2. A GENERALISATION OF KUREPA’S INEQUALITY

The following lemma is of interest.

Lemma 1. Let f:[0,27] — R be given by

(2.1) f (@) = \sin® a + 20 sin acos a + 7y cos®
where \, 3,7 € R. Then
1 1 1/2
(2.2) sup f(a) =5 (A+7)+5 (=N +467) .
a€0,27] 2 2

Proof. Since

.9 1 — cos 2« 9 1+ cos 2« . .
sin a:f, cos a:T, 2sin a cos a = sin 2q;,
hence f may be written as
1 1
(2.3) f(a):5()\—1—7)4—5(7—)\)c052a—|—ﬁsin204.

If 3 =0, then (2.3) becomes

f(a):%()\ﬂLV)—{—%(’y—)\)cosZa.

Obviously, in this case
1 1
sup f(a) = 5()\+7)+ 3 [y = Al =max (7,}).
a€l0,27]
If 3 # 0, then (2.3) becomes
(r =X
20

Let ¢ € (—g, g) for which tanp = (v — A) / (263) . Then f can be written as

Fla) =5 () + o

1
f(oa)zﬁ(/\+’y)+5 sin 2a + cos2a| .

sin (2a + ¢) .
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For this function, obviously

1 6]
(2.4) sup f(a)==A+v)+ .
acl0,27] 2 |cos ¢
Since
sin o (y—\)?
cos2g  4pB2
hence ,
1/2
1 [(V — A% +4p2
cos| 218 ’
and from (2.4) we deduce the desired result (2.2). O

We recall now, a functional (+,-) : X x X — K, (K = R, C) is a nonnegative
Hermitian form if
(i) (z,2) >0 for all z € X;
(ii)) (ax+ By, z) = a(x,2)+ P (y,2) for all o, f € K and z,y, 2z € X;
(iii) (y,z) = (x,y) for all z,y € X.

Such a functional (-,-) generates the semi-norm ||| by
|z|| == (z,2)"?,  zeX.
The following result holds.

Theorem 3. Let X be a complex space and (-,-) a nonnegative Hermitian
form defined on X. If x,y,z € X are such that

(2.5) Im (z,2) =Im (y,z) =0,
then we have the inequality:
(2.6)  Re?(z,2) +Re?(y, 2)

= |(z + iy, )|

1 2 2 2 2 2 2 12 2
< 5 32l + 19l + | (Il = lgl”) "+ 4Re? @,y) | ¢ 12l

(NI + ) 112

Proof. Obviously, by (2.5), we have
(x +1iy,z) = Re (z,2) + iRe (y, 2)

and the first part of (2.6) holds true.
Now, let ¢ € [0, 27] be such that

A

IN

(x4 iy, 2) = ' |(x + iy, 2)] .
Then
((z+ iy, 2)| = e7*% (z +iy,2) = (7% (z +1iy), 2) .
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Utilising the above inequality, we can write:

(@ +iy.2)| = Re (7 (x +iy) . 2)

=Re ((cosp —isiny) (x +iy), 2)

=Re (cosp-x+singp-y—ising-x+icosy-y,z)

=Re (cosp-x+singp-y,z)+Im (siny - x — cosp -y, 2)
=Re (cosp-x +siny -y, z) +sinplm (z, z) — cos plm (y, 2)
=Re (cosp-x +siny-y,z),

and for the last equality, we have used the assumption (2.5).
Taking the square and using the Schwarz inequality for the nonnegative
Hermitian form (-,-), we have

(2.7) |(z + iy, z)|* = [Re (cos ¢ - & +sin g - y, 2)]?
< leosp -z +sing - y[|* |||
On making use of Lemma 1, we have

sup ||cos ¢ -z 4 sin g - y||
©€[0,27]

= sup [||ar”20032cp + 2sin g cos pRe (z,y) + ||y||* sin cp}
p€[0,27]

1 2 2 2 2 2 2 1/
= 332l + I + | (Il = 11*)” + 4Re? ()

and the first inequality in (2.6) is also proved.
Observe, by the Schwarz inequality, that

2 2
(el = 1912) "+ 4Re (z,9) < (ol = Iwl?) "+ 4 2l Iy
2
2 2
= (=l + 191P”)
and the last part of (2.6) follows. O

Remark 1. Observe that if X is a real space and (-,-) a nonnegative Her-
mitian form on X, then for any x,y,z € X one has:

2.8)  (z,2)°+ (y,2)°

1/2
<1 {W 0l + | (1l = IR + a2 ) } 212
(N> + i) 102

Remark 2. If X is a real space, (-,-) a nonnegative Hermitian form on
X, Xc the complexification of X and (-,-)c the corresponding nonnegative

A

IN
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Hermitian form on X, then for x,y € X and w := =z + iy € X¢c and for
e € X we have

Im (z,e)c =Im (y,e)c =0,
2 2 2
lwllg = lall” + Iy,
2
_ 2 2 2
(w,w)cl = (el = llyl?)” + 4 (2.9)°,

where w := x — iy € Xc.
Applying Theorem 8 for the complex space Xc and complexr nonnegative
Hermitian form (-, )¢, we deduce

1

2 2 2 _ 2 2
29 o)l < 5 el [l + [w,w)cl] < llell® fwl,
which is a Kurepa type inequality for the Hermitian form (-,-)c .

Corollary 3. Let x,y,z be as in Theorem 3. In addition, if Re (x,y) = 0,
then

1/2
[Re? (z,2) + Re? (y,2)]* < |2 max {|lz]], |y}

Remark 3. If X is a real space and (-,-) a real nonnegative Hermitian form
on X, then for any x,y,z € X with (xz,y) = 0 we have

(.2 + .2)2] 7 < el ma (el )

3. A RELATED RESULT
Utilising Lemma 1, we may state and prove the following result as well.

Theorem 4. Let X be a real or complex linear space and (-, -) a nonnegative
Hermitian form on X. Then we have the inequalities

(3.1)

1 2 2

S U@ O +(w, )]

+ [<|(v,t)2 - \(w,t)|2)2 +4(Re (v,t)Re (w,t) + Im (v, ) Im (w,t))ﬂ}

1 2 2 2 2 2 2 2 1/2
5 12 3 0l + ol + | (ol = lle]?)” + 4Re? (v, w)

(Il =+ frel®) Ne)®
for all v,w,t € X.

IN

IN

Proof. Observe that, by Schwarz’s inequality for the nonnegative Hermitian
form (-, ), we have

(3.2) [(cosp - v+sing-w, 2)|> < |lcos - v+ sing - w|? || z||?
for any ¢ € [0, 27].
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Since
I(p) :=||cosg-v+sing - wl|
= ||z]|* cos? ¢ + 2sin  cos pRe (v, w) + ||w||? sin?
hence, as in Theorem 3,
1 2 2 2 2\ 2 2 12
ERICES {nvu 4+ | (1ol = o) + are? .0) } .
Also, denoting
J () := | (v, 2) cos ¢ + (w, 2) sin p|”
= |(v, 2)|? cos? o + 2sin @ cos gRe [(v, z) W} + |(w, 2)|?* sin® ,

then, on applying Lemma 1, we deduce that

sup J (¢)
p€(0,27]

— % {!(v,t)|2 4 (w, b)) + [(KU,IS)‘Q B \(w,t)y2)2 ARe? [(v,t)(w,t)H 1/2}
and, since
Re [(v,t) W] =Re (v,t)Re (w,t) + Im (v,t)Im (w,t),

hence, on taking the supremum in the inequality (3.2), we deduce the desired
inequality (3.1). O

Remark 4. In the real case, (3.1) provides the same inequality we obtained

In the complex case, if we assume that v,w,t € X are such that
Re (v,t)Re (w,t) = —Im (v,t) Im (w,t),
then (3.1) becomes:

(3:3) max {|(v, ), (w,t) "}
1/2
< e {|rv||2 il + | (1ol = o) + a2 .0)| }

4. APPLICATIONS TO DISCRETE INEQUALITIES

Assume that (K (-, -)) is a Hilbert space over the real or complex number
field K. Assume that py > 0 for all £ € N and that ).~ pr = 1, and define

612) (K) := {x = (xk)keN

o
zp € K, k€N and Zpk||3:k||2<oo}.
k=1
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It is well known that /3 (K) endowed with the inner product (., )p defined
by

(@, 9)p = > Pk (k> k)
k=1

and generating the norm

0o 1/2
2
g = <Zpk e )
k=1

is a Hilbert space over K.
Utilising Theorem 3, one may state the following proposition.

Proposition 1. Let X = (#x)pen: ¥ = Wk)pen 0nd 2 = (2k)pen € (5 (K)
such that

o (o]
Zkam (Tr, 21) = Zpklm (Yr, zx) = 0.
k=1 k=1

Then we have the inequalities:

00 2 00 2
(4.1) (Zkae <3?k72k>> + <ZPkRe (yk,zk)>

k=1 k=1
1 oo oo 2
2 2 2 2
g2{zpk (el + lell”) + (Zm (T ))
k=1 k=1
+4 1) prRe <xk73/k>] > e llzl?
k=1 k=1

o0 o0

2 2 2

<3 pe (llaell® + lel?) D pellzl
k=1 k=1

In particular, if Yo, prRe (xk, yx) = 0, then
97 1/2

oo 2 oo
(4.2) (ZPkRe <iﬁk,zk>> + (Zkae (%&k))

k=1 k=1
1/2

0o /2 /s 1/2 0o
< max (Zpk \ka2> : (Zpk Hyk||2> : (Zpk sz”2>
k=1 k=1 k=1

Remark 5. For the case of complex numbers, if (x)pens (Ur)rens (2k)pen
€ (2 (C) are such that

oo (o]
(4.3) Zkae 2 - Imz, = Zkae 2 - Im xy,
k=1 k=1
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and
o0 [e.9]
> peReyy - Tmzp = > ppRez - Tmy,
k=1 k=1

then we have the inequalities

(4.4)

oo 2
[Zpk (Rex - Re zx + Im 2, - Im zk)]
k=1

. 2
Zpk (Reyr - Re zx, + Imyy, - Im zk)]
k=1

N)\»ﬂ

{Zpk Re xk—}—Im xk—i-Re yr + Im yk)
k=1

0o 2
+ <Zpk (Re 22, + Im 2z, — Re 2y, — Im ka)>
k=1

[e'e) 2
4 Zpk (Rexy - Reyg + Imay, - Imyk)]
k=1

(o]
X Zpk (Rezzk + Im2zk)
k=1

o0 o0
< Zpk (Re 22k 4+ Im 22, + Re %y + Im2yk) Zpk (Re2zk + Imzzk) .
k=1 k=1

Observe that if above, in particular, we assume that Rexi = ag, Imx = 0,
Reyr = br, Imyr, = 0, Rezi = cx, Imzp, = 0 where ag,bg,c, € R, k =
{1,...,n}, then (4.3) is satisfied, and, from (4.4), we deduce

(Z pkak0k> + (Z pkbk6k>
k=1 k=1

2
% Zpk ak+bk (Zpk —bk>
oo 27 1/2 SS)
+4 (ZPW}J%) > e,
k=1 k=1

oo oo

=1 k=1
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which is the de Bruijn inequality for the complex numbers wy = ay, +ib and
real numbers cx, k € N, i.e.,

2

2 1 o0 o0
2 2
< 2;}%% ;pk lwg|” +

o0
ZkakIUk
k=1

x

2
E Prwy
k=1

oo oo
<> pet Y o lwel?,
=1 k=1

provided (ck)keN ) (wk)keN € E% (©).

Remark 6. We note that the condition (4.3) may hold in other cases, for
instance, if:

Rezry  Rezr  Reyy

Imz, Imz, Imy;’

for each k € N, provided Im x, Im 2z, and Imy, are not zero for k € N.

5. APPLICATIONS TO INTEGRAL INEQUALITIES

Assume that (K (-,-)) is a Hilbert space over the real or complex number
field K. If p : [a,b] C R —[0,00) is a Lebesgue integrable function with

fab p(t)dt =1, then we may consider the space L? ([a,b]; K) of all functions
f i ]a,b] — K, that are strongly measurable and ffp(t) If @] dt < .

It is well known that L% ([a,b]; K) endowed with the inner product (-,-)
defined by

p

b
(), = [ o) (£ (0.9 0)de

and generating the norm

I11,= ([ o) RO

is a Hilbert space over K.
Applying Theorem 3 for L,% ([a,b] ; K), we may state the following propo-
sition.

1/2

Proposition 2. Let f,g,h € Lf, ([a,b]; K) such that

b b
[ pm (7@ h@)de= [ ot g6, (0) de =0,



GENERALISATION OF KUREPA’S INEQUALITY 17

Then we have the inequalities:

(/abp@) Re (f (1), (1) dt

2 2

+ < /abp@f) Re (g (¢) »h<f>>dt>
<3 {/abpu) (17 @1+ llg @) e

([ o0 (1r 0 -1901?) )

w(f () Re ( (£).9 1) i) 2] "

b
x / o (t) [ ()] dt

2
+

b b
< [ (17O + g @) de- [ @) b 0)] .
In particular, if

b
[ poEe (0.9 (0)de =0

then

[(/abp(t)Re <f(t),h(t))dt> 4+ (/abﬂ(t)Re <9(f),h(t)>dt)2] 1/2

< max { (/abp@) ||f<t>||2dt)1/2, (/abpof) lo 1P ) 1/2} .
. (/abp@) Ih o[ )
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