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ON SOME DOUBLE ALMOST LACUNARY SEQUENCE
SPACES DEFINED BY ORLICZ FUNCTIONS

EKREM SAVAS AND RICHARD F. PATTERSON

ABSTRACT. In this paper we introduce a new concept for almost lacu-
nary strong P-convergent with respect to an Orlicz function and examine
some properties of the resulting sequence space. We also introduce and
study almost lacunary statistical convergence for double sequences and
we shall also present some inclusion theorems.

1. INTRODUCTION AND BACKGROUND

Before we enter the motivation for this paper and the presentation of the
main results we give some preliminaries.

By the convergence of a double sequence we mean the convergence on
the Pringsheim sense that is, a double sequence x = (xj;) has Pringsheim
limit L (denoted by P-limz = L) provided that given € > 0 there exists
N € N such that |z; — L| < € whenever k,l > N [6]. We shall write more
briefly as “P-convergent”.

Recently Moricz and Rhoades [3] defined almost P- convergent sequences
as follows:

Definition 1.1. A double sequence x = (xi;) of real numbers is called
almost P-convergent to a limit L if

m—+p—1n+qg—1

P— lim sup 1 Z Z |z, — L] =0

D=0 mn>0 P9 —
k=m I=n
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that is , the average value of (xy;) taken over any rectangle {(k,1) : m <
E<m+p—1,n<l<n+q—1} tends to L as both p and q tend to oo, and
this P-convergence is uniform in m and n. Let denote the set of sequences
with this property as [¢?].

By a lacunary 6 = (k,); » = 0,1,2,... where kg = 0, we shall mean
an increasing sequence of non-negative integers with k. — k.1 as r — oo.
The intervals determined by 6 will be denoted by I, = (ky—1,k,] and h, =
kr — kr—1. The ratio £~ will be denoted by g.

Using these notations we now present the following definition:

Definition 1.2. The double sequence 6, s = {(kr,ls)} is called double
lacunary if there exist two increasing sequences of integers such that

ko=0,h. =k, —k,_1 =00 asr — 00

and
lo=0,hg =1 —1ls_1 — 00 as s — o0.

Let ks = kplg, hys = hyhs, and 0.5 is determine by I s = {(k,1) : kr—1 <
kE<k &ls_1 <1< ls}a qr = %7 qs = lsliila and Qrs = Qrqs-

Recall in [2] that an Orlicz function M is continuous, convex, nondecreas-
ing function define for z > 0 such that M (0) = 0 and M (x) > 0 for z > 0. If
convexity of Orlicz function is replaced by M (z+y) < M (x)+M (y) then this
function is called the modulus function which is defined and characterized

by Ruckle [7].

Definition 1.3. Let M be an Orlicz function and P = (py;) be any fac-
torable double sequence of strictly positive real numbers, we define the fol-
lowing sequence spaces:

(1) [AC,, ,, M, P] = {z = (z1,) :

. Thpmipn—L] ) ] PRl
P —limp b ey, , M (=t [~ o,
uniformly in m and n for some L and p > 0}
(2) [ACHT,57M7 P]O = {x = (xk7l) :

: m,l+n Pkt
P —lim, , ﬁ Z(k,l)e[m [M ('xk+p’l+ ‘)] =0,
uniformly in m and n, for some p > 0}

We shall denote [ACy, ,,M,P] and [ACy,  , M, Plo, as [ACy, ,, M],and
[AC, ,, M]o, respectively when py; = 1 for all k£ and [. If z is in [AC, ,, M],
we shall say that x is almost lacunary strongly P-convergent with respect to
the Orlicz function M. Also note if M (z) =z, px; = 1 for all k and [, then
[ACs, ,, M, P] = [ACy, ] and [ACy, ,,M,Ply = [AC'gnS] which are defined
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as follows:
[ACy,,] = {x=(xx,): for some L, P —lim Z |k +m,i4n — L| =0,
S (d)el
uniformly in m and n}
and
[ACY, | =

= r = (:EkJ) : P—1lim

E |Zk+m 1+n| = 0, uniformly in m and n
s h’r,s

(kDELr s
Again note if py; = 1 for all k and [, then [ACy, ,, M, P] = [ACy, ,, M| and

[ACGT,S»Ma Py = [ACQT’S,M]O- We define
[ACQT,S’ M] = {:E = (xk,l) :

1 —L
5 Ny s 1Y
(kD)€lr,s

uniformly in m and n for some L and p > 0}

and

[ACy

8

1
’r,s?M]O = {J?:(x’kyl)ip—hm Z [M <‘$k+m,l+n’>:| =0,
"8 (kD)el, p

uniformly in m and n, for some p > 0}

Let us extend almost P-convergent double sequences to Orlicz function as
follows:

Definition 1.4. Let M be an Orlicz function and P = (py;) be any fac-
torable double sequence of strictly positive real numbers, we define the fol-
lowing sequence space:

;2 . Ep:g | Zhgm,en — L]\ 75
[07M7P]2{$=($k71):P—hm M= :0’
PO 020 P

uniformly in m and n, for some p > 0}

If we take M (x) = x, pr; = 1 for all k and [, then [¢2, M, P] = [¢?] which
was defined above.

With these new concepts we can now consider the following theorem. The
proof of the first theorem is standard thus omitted.
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Theorem 1.1. For any Orlicz function M and a bounded factorable positive
double number sequence py;, [ACy, ., M, P] and [ACy, ,, M, Pl are linear
spaces.

7,87 7,87

Definition 1.5. [2]. An Orlicz function M s said to satisfy Ag-condition
for all values of w, if there exists a constant K > 0 such that M(2u) <
KM(u),u > 0.

Before the proof of the theorem we need the following lemma.

Lemma 1.1. Let M be an Orlicz function which satisfies Ao— condition
and let 0 < & < 1.Then for each x > & we have M(x) < K& 1M(2) for
some constant K > 0.

Theorem 1.2. For any Orlicz function M which satisfies Ao- condition we
have [AC@T,S] g [AC@TJ,M].

Proof. Let x € [ACy, ] so that for each m and n

§ ’$k+m,l+n —L|=0
"8 (kD) elrs

Let € > 0 and choose § with 0 < § < 1 such that M(t) < € for every t with
0 <t < 4. We obtain the following;:

A s =1 x=(xpy): for some L, P —lim
r,5

1
Z M(|$k+m,l+n - L|)
"8 kel
1
= - > M (| i — L)
"% (k) ELr, &g m 1o —L|<8
1
+ o5 > M(|Zk-4m,i4n — LI)
"% (k) ELr s &| T g m 1 —L|>6
1 1
< hr,s6 + — Z M(|xk+m7l+n - L’)
hr,s hr,s
(k1) E T s&|Thtm 1 4n—L|>6
1
< (hys€) + —— K& "M (2)hy Ay 5.
hr S hT S

) )

Therefore by lemma as r and s goes to infinity in the Pringsheim sense,
for each m and n we are granted = € [ACy, , M]. O

Tr,87

Theorem 1.3. Let 6, s = {k,,ls} be a double lacunary sequence with
liminf, g, > 1, and liminf, gs > 1 then for any Orlicz function M,
[62, M, P] C [AC,, ., M, P].

Proof. Tt is sufficient to show that [¢2, M, P]y C [ACy, ., M, Plg. The general
inclusion follows by linearity. Suppose liminf, ¢, > 1 and liminf, g5 > 1;
then there exists § > 0 such that ¢, > 1+ § and s > 1+ . This implies

7,87



DOUBLE ALMOST LACUNARY SEQUENCE SPACES 39

Z—;‘ > % and I}— > %. Then for x € [¢2, M, Py, we can write for each m
and n
1 T Pk,
B., = — [M (”f+ml+n|ﬂ
TS ki)l P

‘xk—i-m,l—i-n’ > :| Phil
p

Il
|-
M
N
=

LS S (e
hors el Y

k‘rfl lsfl

kr_1ls_1 1 |xk+m l+n| Phot
_ M raresr
> (e

k=1 1=1

lsfl

k
1 - lsfl 1 ‘xk—i-m l+n| Phil
- — M =
=
=kr_1+1 =
i ZZS kg 1 krzl M |xk+m,l+n| Pt
n I o 0 '

S l=lg_1+1 =1

o

Since = € [¢2, M, P] the last two terms tends to zero uniformly in m,n in
the Prlngshelm sense, thus for each m and n

= e (S o (e

TS

k=11=1
7‘ ls 1
kr—lls—l 1 |: (warm l+m>:| kol
- Ihm, +o(1).
hrs 7‘ lls 1 k=1 ; ( )

Since hys = kpls—kr_1ls_1 we are granted for each m and n the following:

kil 146 kr_1ls—1 1
< _— < -,
. = 5 AT s
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The terms

kr s
1 [M <\xk+m,z+n>]”“
k.l
TS p—=11=1 P

and

kr 1ls

1 kel
‘$k+m l+n’
l
r 1ls—1 =1 I=1

are both Pringsheim null sequences for all m and n. Thus B, , is a Pring-
sheim null sequence for each m and n. Therefore x is in [ACy, ,, M, Plo.
This completes the proof of this theorem. O

Theorem 1.4. Let 0, s = {k,1} be a double lacunary sequence with limsup,. g, <
oo and limsup, g» < oo then for any Orlicz function M, [ACy,_ ,,M,P] C
[¢2, M, P).

7,87

Proof. Since limsup, ¢, < oo and limsup, gs < oo there exists H > 0 such
that ¢ < H and ¢s < H for all r and s. Let x € [ACy, ,, M, P] and € > 0.
Also there exist rg > 0 and sg > 0 such that for every ¢ > rg and j > s¢ and
all m and n,



DOUBLE ALMOST LACUNARY SEQUENCE SPACES 41

Let M = maX{A;J :1<i<rpand 1<j <sp}, and p and ¢ be such that
kr—1 <p<k-and l;_1 < g <ls. Thus we obtain the following;:

135 o ()
pq p

k=11
krls
<]Z[M&MWMHW
I s P
1 [ < | Tkt idn] ) ] P
< 2 | (M
k;r_lls_l tu=1,1 \k|l€l; P
1 T0,50 , 1 /
— T Z ht,uAt,u+ 11 Z htvuAt7U
r—1ts—1 tu=1,1 r—1ts—1 (ro<t<r)U(sp<u<s)
M/ T0,50 1 ’
< i X et 2 e
r—1ts—1 tu=1,1 r—1ts—1 (ro<t<r)U(so<u<s)
Mk, ls 7050 1 !
S k 0 lso + k l Z At,uhtvu
r—1ts—1 r—1ts—1 (ro<t<r)U(so<u<s)
M 'kyols, 708 / 1
< %‘)00 + < sup At,u) T Z hi
r—1ls—1 t>roUu>s0 Tl g <t<r) U(so<u<s)
Mkl 1
< r0lsoT050 i ¢ Z i,

kr_1ls_1 kr_1ls—1 (ro<t<r)U(so<u<s)
< Miolaroso | o
k’r‘fllS*l

Since k, and [ both approaches infinity as both p and ¢ approaches infinity,
it follows that

1 24 ’karm,lJrn’ Pht : 3
— Z M| —————— — 0, uniformly in m and n.
Pq i P

Therefore = € [¢2, M, P). O
The following is an immediate consequence of Theorem 2 and Theorem 3

Theorem 1.5. Let 0, , = {k,l} be a double lacunary sequence with 1 <
liminf, s g5 <limsup, ;g s < 0o, then for any Orlicz function M,
[ACy. ., M, P] = [&*, M, P].

Quite recently, Savag and Nuray [8] defined almost lacunary statistical

convergence for single sequence by combining lacunary sequence and almost
convergence as follows:
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Definition 1.6. Let 0, be a lacunary sequence; the number sequence x is
Sp, , — P — convergent to L provided that for every e > 0,

1
P —lim —max [{k € I, : |xg+m — L| > €}| = 0.
r h, m

In this case we write Sy — limz = L. Now we extend this definition for
double sequences.

Definition 1.7. Let 0,5 be a double lacunary sequence; the double number
sequence x s Sp, , — P — convergent to L provided that for every e > 0,

P —lim

T8

I;lnagc‘{(k’l) €l ‘ﬂfk—&—m,l—i-n —L| > e}[=0.

T,S

In this case we write S’gm — limz = L. The following theorem is a
multidimensional analog of Savas and Nuray theorem presented in [8].

Theorem 1.6. Let 0, be a double lacunary sequence then
A: L L[ACy, ] implies xy Sl L(S’gm).
B: [ACy, ] is a proper subset of ng
C: Ifz e l;'o and xy £ L(.SA’(;T,S) then xy £t L[AC’QM]
D: Sp,, Ny =[ACy, ] Nl

where lgo is the space of all bounded double sequence.

Proof. (A) Since for all m and n

{05 0) € I [ohsmpsn — L] 2 €} < S [Tkemien — L)
(kyl)EIT,S&‘aTk-‘-m,l-‘-n—LlZE

Z |xk+m,l+n - L’

(k,D)EIr s

IN

and for all m and n

1
P —lim

r,S

Z |xk+m,l+n - L‘ =0.

"8 (k) el

This implies that for all m and n

1

P —limo—[{(k,1) € I : [@mitn — L] 2 €} = 0.

™8 Ny s

This complete the proof of (A).
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(B) let = be defined as follows:

1 2 3 /hes] 0
/hrs] 0

xk’l = 2 [\3/ ]'17“,5] \3/ hr,s]

0 0 0 O 0 0

2 2 3 ]
o

It is clear that z is an unbounded double sequence and for € > 0 and for all
m and n

1 [/ Frs]

P —1lim o [{(k,1) € Ins : |Zismssn — Ll = €} = P~ lim = 0.

T,8 7,8

Therefore x L 0(Sg,.,). Also note

[/ P s) [/ P s [/ Prs] + 1)) 1

P —lim

8

7,8 (

P
Therefore . /+ 0[ACy, ,]. This completes the proof of (B).

(CO)If z € I, and 2, L L(S’gm)then Tk TN L[ACy, ]. Suppose = € I,
then for all m and n, |Tkym i4n — L] < M for all K. Also for given € > 0
and r and s large for all m and n we obtain the following:

1 1
> lmke—Il = > | Tkttt — L

h
"% (ke s "5 (k) €Ly, &) Thpm, 40— L] >e

1
h § ‘$k+m,l+n - L‘
"% (k) ELr, s &| @ 1n— L <€

M
hr,s

<

H(k, 1) € I s : [@ptmisn — L] > €} + €.

Therefore x € I, and x}, L L(S’gm) implies x 5 L[ACsy, ]
(D) [ACy, ] N1, = Sp,, Nl follows directly from (A), (B), and (C).
0

We shall now establish an inclusion theorem between [ACy
S,..-

M] and

r,s7?

Theorem 1.7. For any Orlicz function M, [ACy, ., M] C ,SA'(;T’S.
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Proof. Let x € [ACYy, ., M] and € > 0. Then for all m and n,

1 | Tktm,i4n — L
- M [ EEtmiltn T 21
h 2 < p

"8 (ke

1 ’karm l+n — L‘
> LY/ AR e L —
> > (et

TS
(kvl)e[r,s:‘xk+m,l+n_L|25

1

€
> hiM (p) ‘{(k’,l) € Ir73 . ‘.’Ek+m,l+n - L’ 2 E}‘

This implies that = € S’gm. g
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