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ON FUZZY GENERALIZED o-CLOSED SET
AND ITS APPLICATIONS

Bayaz Daraby and S. B. Nimse

Abstract

In this paper, we define and study fuzzy generalized a-closed sets
and r-open sets of a given L-fuzzy topological space and prime element
r € P(L) and coprime element o € M(L). The concept of L-fuzzy r-
open sets was introduced in [10], and it was proved that all r-open sets
for L-fuzzy topological space form a new L-fuzzy topology, which is
called stratiform L-fuzzy topology. Making use of the fuzzy generalized
a-closed sets, fuzzy generalized a-continuous map is presented.

1 Introduction

In this paper, we study fuzzy generalized a-closed sets, fuzzy r-open sets,
fuzzy a-continuous functions and their applications. In section 2 we give
preliminaries and some definitions. Section 3 is devoted to studying gen-
eralized fuzzy a-closed sets and their properties. Section 4 is devoted to
studying generalized fuzzy a-continuous mappings and their properties. In
section 5 we introduce fuzzy gac-irresolute maps and their properties.

2 Preliminaries

Throughout this paper, L = (<, V, A,/) always denotes a fuzzy lattice, and
0 and 1 are the smallest and the greatest element of L, respectively. By a
fuzzy lattice we mean a completely distributive lattice L, if L has an order-
reversing involution / : L — L. Let X be a nonempty crisp set. A mapping
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from X into L is said to be an L-fuzzy set on X. The collection of all L-
fuzzy sets on X, denoted by LX, can be naturally seen as a fuzzy lattice
(LX,<,V,A,1). For a € L,ax denotes a constant value L-fuzzy set on X,
ie, ax(z) =a,Vx € X.

Definition 2.1 Let X be a nonempty ordinary set, L a fuzzy lattice, § € LX.
§ is called a L-fuzzy topology on X, and (LX) is called an L-fuzzy topo-
logical space, or L-fts for short, if ¢ satisfies the following three condotions:
(LFT1) 0,1 € 0;
(LFT2) VA C 6,\/ A € 6;
(LFT3) YU,V € 5,U ANV €.
Particularly, when L = [0, 1], call an L-fuzzy topological space (L~ ) a
F — topological space or a F-ts for short, and simply denote it by (X, 0).
Each fuzzy mapping f : LX — LY considered in this paper is induced
from a crisp mapping f : X — Y as usual, ie., for A € LX Be LY z €
X,yey,

FA)(y) = V{A(x) : z e X, f(z) =y},
fHB)(z) = B(f(x)).

Definition 2.2 Let L be a fuzzy lattice. a € L is called a union-irreducible
element (or a molecule [6])of L, if for arbitrary a,b € L we have a < aVb =
a < aora<b. Theset of all the nonzero union- irreducible elements of L is
denoted by M(L). The set of all molecules of a fuzzy lattice L is denoted
by M*(LX).

Definition 2.3 Let L be a fuzzy lattice. r € L is called a prime element
of L, if for arbitrary a,b € L we have a Ab < r = a <r or b <r. The set
of all the prime elements which are not 1 of L is denoted by P(L). Clearly,
re P(L)iff ' € M(L).

Definition 2.4 Let (LX,6) be an L-fts, and r € P(L), and A € L*X. Ais
called an r-open set, if for any x € X, A°(z) <r = A(xz) <r [11].

The set of all r-open sets in (LX,d) is denoted by O,(§). Clearly,
Vr € P(L),0 C O.(9).

Definition 2.5 Let (LX,6) be an L-fts, and a € M (L), and A € LX . A is
called an a-closed set, if for any z € X, A(z) > a = A(z) > a.

The set of all a-closed sets in (LX,6) is denoted by C,(d). Clearly,
Vo€ M(L),8 C Cy(9).
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Theorem 2.6 Let (LX,0) be an L-fts, a € M(L),A € LX. Then A is
a-closed iff A" is o’-open [11].

Definition 2.7 Let (LX,6) be an L-fts, « € M(L),r € P(L). (LX,0,(3))
and (LX,C,(8)) are called stratiform L-fuzzy topological spaces of (LX,J).

Theorem 2.8 [10] Let (L%, ) be an L-fts, and A € LX. Then
(1)Aecdiff Vre P(L),A € O,(9).
(2)Aed iff ae M(L),A € Cy(0).

It is clear that A € Cy(0), implies A" € Oy (9). Also A € O,(6), implies
Al e Cu(9).

3 Fuzzy generalized a-closed sets in L-fuzzy topo-
logical spaces

In this section, we study a-closed set and its properties. After that we
want to introduce open r-cover, fuzzy r-compact, fuzzy r-regular and fuzzy
a-closed map.

Definition 3.1 If ) is an L-fuzzy set in a L-fts LX and o € M (L) then
coaN) =N {p + > A}, p“is fuzzy a-closed set”, is called a fuzzy a-closure
of A.

An L-fuzzy set \ in a L-fts (L~,8) is fuzzy a-closed if and only if
A =clo(N).

Definition 3.2 Let (LX,§) be an L-fts, and o € M(L), and A € LX.
A is called an fuzzy generalized a-closed set (in short Fga-closed set), if
clo(N) < p whenever A < p and p is fuzzy o-open.

Remark 3.3 Let (L*X,0) be an L-fts, « € M (L), and XA € LX. If X is fuzzy
a-closed set then X' is fuzzy o/-open set.

Theorem 3.4 If A\; and Ao are Fga-closed sets then A V A is a Fga-closed
set.

Proof : Follows from the definition of Fga-closed and the fact that
cla(A1 V A2) = cla(A) V cla(N2). O

However, the intersection of two Fga-closed sets is not fuzzy generalized
a-closed set as the following example shows.
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Example 3.5 The intersection of two F'ga-closed sets is not generally a
Fga-closed set.
Let X = {x1,x9,23}. Define fi, fo, f3: X — [0, 1] as follows.
fi=0x; fo= 1x; fs3(x2) = f3(x3) =0, f3(z1) = 1.

Clearly, 06 = {f1, f2, f3} is a fuzzy topology on X. Define Aj, A2 : X —
[0, 1] as follows:
)\1(5[?1) = )\1(1‘2) = 1, )\1(1‘3) =0.
/\2(%‘1) = )\2(3?3) = 1, )\2(1?2) =0.

Since Cly(A1) < 1x,1x € 6 and § C Oy (9), it follows that A; is Fga-
closed set. Similarly Ag is F'ga-closed set but Ay A d\o = f3 is not Fga-closed
set.

Theorem 3.6 If )\ is Fga-closed set and A < p < X, then p is Fga-closed
set.

Proof : Let 3 be a fuzzy o’-open set such that 3 > p. Since u > \, 3 >
Mand X is Fga-closed set. It follows that 3 > A. But A\ > 7, since A > p
and so § > 7. Since [ is a-closed set, ¢l (1) < 3. Hence p is Fga-closed set.

Definition 3.7 Let (L*,0,(0)) for r € P(L) be an L-fts, A € LX, A
C O,(0). Ais called an open r-cover of A, if \/ A > \; particularly, A is
called an open r-cover of (L%, 0,(6)), if A is an open r-cover of 1.

Definition 3.8 Let (LX, 0,.(8)) for r € P(L) be an L-fts, A € LX, X is called
r-compact, if every open r-cover of A of (LX, 0,.(§)) has a finite subcover.

Theorem 3.9 Let (LX,0,(8)) be a fuzzy r-compact ( Lindelof, countably
r-compact ) space and suppose that A is a Fgr'-closed set of LX. Then \ is
fuzzy r-compact (Lindlof, countably r-compact).

Proof : We prove the case of fuzzy r-compactness as the proof is similar
for other cases. Let {i},.r be a family of r-open sets in LX such that
A < Ve . Since X is Fgr'-closed set and \/,c ¢ is fuzzy r-open, it fol-
lows that A < \/,cppe. But A is fuzzy r-compact and therefore it follows
that A < A <y, V iy V -+ -V iy, for some natural number n € N.

Definition 3.10 Let (L~,0,(6)) be an L-fts and r € P(L). (LX,0,(5)) is
called r-regular, if for u € O, () there exsists J C O,(0) such that \/J = p
and A < p for every A € 9.
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Theorem 3.11 If (L, 0,(5)),r € P(L), is fuzzy r-regular and \ is fuzzy
r-compact, then X is Fg?7-closed set.

Proof : Suppose that A < p, and A\, u € O,(5), since (L, 0,(6))
is fuzzy r-regular, we can write p = \/,cp ps, 7' being an index set, p; €
O,(9), iz < p. Hence for some finite subset T, C T we will have

A< \/teTo pt < \/teTo Pt < p

This shows that A < p. Since A € C(§), thus A = cl(\) < pie. Ais
Fgr'-closed set. [J
Definition 3.12 An L-fuzzy set \ is called fuzzy generalized o/-open (in
short Fga/-open ) iff X is Fga-closed set for o € M(L).

We shall now prove some properties of fuzzy generalized r-open sets.

Definition 3.13 If X is an L-fuzzy set in a L-fts (LX) and r € P(L), then
rint(A\) = Int,(A) = J{p : A > u}, pis fuzzy r-open set, is called a fuzzy
r-Interior of .

An L-fuzzy set A in a L-fts (LX) is fuzzy r-open if and only if A =
Int,(N).

Theorem 3.14 Let « € M(L). An L-fuzzy set \ is Fga/-open set <
wu < Inty (N\) whenever p is fuzzy a-closed set and p < .

Proof : Let A be a Fga/-open set and p be a fuzzy a-closed set such
that 4 < X\. Now u < A = y/ > X and X is Fga-closed set, that is,
(V) = (1) = p. But (V)" = Into(A) [3].

Thus we obtain that p < Int,(X).

Conversly, suppose that A is a fuzzy set such that u < Int, (\) whenever
 is fuzzy a-closed and p < A. We claim )\ is Fga-closed set. So let X < p
where p is fuzzy o/-open.

Now X\ < u, then p/ < \. Hence, by assumption we must have :

W < Inty(N), ie. (Inte(N) < p. But (Inte () = (N) [3]. Hence
(N) < p. This shows ) is Fga-closed set. O

Remark 3.15 (1) The union of two Fga/-open sets is not generally Fga/-
open set.
(2) The intersection of any two Fga’-open sets is Fga/-open set.

Theorem 3.16 Let o € M(L). If Int,(A) < pu < A and A is Fga/-open
set, then p is Fga/-open set.
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Proof : Given Inty(A\) < p < A, we have N < p/ < (Inty(N)) = N.
Since A is Fga/-open, X is Fga-closed and so it follows by Theorem (3.6)
that y' is Fga-closed set, i.e. u is Fga/-open set. O

Definition 3.17 A map f : LX — LY is called fuzzy a-closed (in short
Fa-closed) if the image of every a-closed set in L¥ is a-closed set in LY.

Theorem 3.18 If \ is a Fga-closed set in LX and if f : LX — LY is
F-continuous and Fa-closed, then f()) is Fga-closed set in LY.

Proof : If f(\) < p where p is Fa/-open in LY, then A < f~1()). Since
A is Fga-closed and f~1(u) is Fa/-open, clo(A) = X < f~1(u) ie. f(N) < p.
Now by assumption, f(A) is Fa-closed and f(A) < f(A) = f(A) < p. We
know that f(A) = clo(f(N)), thus clo(f(A)) < p. This means f(A) is Fga-
closed set. g

Example 3.19 Under Fa-closed, F-continuous maps Fga'-open sets are
generally not taken into Fga/-open sets.

Let X = {a},Y = {b, C},T1 = {Ox, 1)(} ,TQ = {Oy, 1y,f1} where f1 .
Y — [0,1] is such that :
fid) =1 fi(c)=0.

Clearly, T1 and T5 are fuzzy topologies on X and Y, respectively. Define
f: X =Y as follows:
a — f(a) =c.

One can verfiy that f is F-continuous and Fa-closed. Now we shall show
that f does not take Fga/-open sets to Fga’-open set.

Clearly, 1x is Fga/-open on X. But f(1x) =1 — f; which is not Fga/'-
open on Y.

4 Fuzzy generalized a-continuous mapping and its
properties

In this section, by means of fuzzy a-closed set and Fga-closed set, we study
fuzzy generalized a-continuous mapping and its properties.

Definition 4.1 Let (L*,§) and (LY, o) be two L-fuzzy topological spaces.
A map f : LX — LY is called fuzzy generalized a-continuous ( in short
Fga-continuous ) if the invers image of every fuzzy a-closed set in LY is
Fga-closed in LX. The following are the properties of Fga-continuous func-
tions.
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Theorem 4.2 If f : LX — LY is fuzzy a-continuous then it is Fga-
continuous. The convers of Theorem 4.2 is not true.

Example 4.3 let X = {a,b,c¢},Y = {p,q}. Define 6; = {0x,1x,\}
where A : X — [0,1] is such that A(a) = 1, A(b) = 0, A(c) = 0, and

= {Oy,1ly,u} where p : Y — [0,1] is such that u(p) = 0,u(q) = 1.
Also define f : X — Y as f(a) = f(¢) = q; f(b) = p. Then f is not fuzzy
a-continuous since f~!(u) is not in &; for u € dr. But however f is Fga-
continuous.

Theorem 4.4 Let f : (LX,0) — (LY,0) be a map. Then the following

statements are eqivalent :

(a) f is Fga-continuous.

(b) The inverse image of each fuzzy o/-open set in LY is Fga/-open in LX.
We define the fuzzy generalized a-closure operator cl}, for any fuzzy set

Ain (X, 9) as follows:

c(N) = AN {p | A< u}, pis Fga-closed.

Theorem 4.5 Let f : LX — LY be Fga-continuous. Then f[cl’(\)] <
clo[f(N)] where X is any L-fuzzy set in LX.

Proof : Now cl,f(\) is a fuzzy a-closed set in LY. Since f is Fga-
continuous, f~'(cl(N)) is Fga-closed in LX. A < fcl,f(A\)] and so
clr(N) < f7 el f(N)]. Hence, flelr(N)] < claf(N). O

The converse of Theorem 4.5 is not true.

Example 4.6 Let X = {a,b,c}. Define §; = {1x,0x,A} where A :
X — [0,1] is such that A(a) = 1;A(b) = M) = 0, 6 = {1x,0x,u}
where p : X — [0,1] is such that p(a) = p(c) = 1,u(b) = 0. Define
f:(X,01) — (X,62) as f(a) =b, f(b) = a, f(c) = c. Then for any fuzzy set
A, f(eli (X)) < cla(f(N)), but f is not Fga-continuous. ( Since p’ is a fuzzy
a-closed set in Y but f~!(x') is not Fga-closed in X.)

Definition 4.7 An L-fuzzy topological space (L¥X,6) is said to be fuzzy
a — Ty, if every fuzzy generalized a-closed set in LX is fuzzy a-closed in

Lx.

Theorem 4.8 Let f : LX — LY and g : LY — L% be mappings and LY
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be fuzzy a-Ty,. If f and g are Fga-continuous, then the composition g.f is
Fga-continuous.
Theorem 4.8 is not valid if LY is not fuzzy o — T} /2-

Example 4.9 Put X = {a,b,c}. Define 6; = {Ox,1x, A} where A : X —
[0, 1] is such that A(a) = A(c) = 0 and A(b) = 1. d2 = {Ox, 1x, , v} where
X — [0,1] is such that p(b) = pu(c) =1, pu(a) =0,v : X — [0,1] is such
that v(a) = 1,v(b) = v(c) = 0. d3 = {Ox,1x,p} where p : X — [0,1] is
such that p(a) = p(c) = 1;p(b) = 0. Also define f : (X,01) — (X, d2) as
f(a) = f(c) =¢; f(b) =band let g : (X,02) — (X, 03) be the identity map.
Then f and g are Fga-continuous but g.f is not Fga-continuous; since p’
€ 85 C Ca(d3) is a-closed, g1 (p) = p" and [~ (g7 '(p) = [71(p) = A is
not Fga-closed in (X,d1). Therefore, g.f is not Fga-continuous. Further
(X, d2) is not fuzzy a-Tj /.

5 Fuzzy gac-irresolute maps and their properties

In this section, we use from fuzzy generalized a-closed concept to introduce
fuzzy generalized a closed-irresolute map ( in short Fgac-irresolute ) map.

Definition 5.1 Let « € M(L). A map f: LX — LY is called fuzzy goc-
irresolute, if the inverse image of every Fga-closed set in LY is Fga-closed
in LX.

The following are the propreties of fuzzy gac-irresolute maps.

Theorem 5.2 f : LX — LYis fuzzy gac-irresolute iff the inverse image of
every Fga-open set in LY is Fga-open set in LX.

Theorem 5.3 If f : LX — LY is fuzzy gac-irresolute then it is Fga-
continuous.

The converse of Theorem 5.3 is not true.

Example 5.4 Let X = {a,b,c}. Define 1 = {0x,1x,A1, A2, A3} where
A1 X — [0,1] such that A\j(a) = 1, A1(b) = A\i(c) = 0; A2 : X — [0, 1] such
that Aa(a) = A2(b) =0, Aa(c) = 1; A3 : X — [0, 1] such that A3z(a) = A3(c) =
1, A3(b) = 0; and also define d; = {0x, 1x,\1}.

Define f : (X,01) — (X,d2) as follows: f(a) = a; f(b) = b; f(c) = a.
Then f is Fga-continuous but f is not fuzzy Fga-irresolute. For A3 is Fga-
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closed in (X, &) but f~1(A3) = A3 is not Fga-closed in (X, d1).

Theorem 5.5 Suppose f: LX — LY, g: LY — L? be maps. Assume f is
fuzzy gac-irresolute and g is Fga-continuous. Then g.f is Fga-continuous.

Proof : Let A be a a-closed set in L?, since g is Fga-continuous, it fol-
lows that g~ () is a Fga-closed set in LY. Now by assumption, f~!(g71()\))
is a Fga-closed set in LX. This show that g.f is Fga-continuous. O
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