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ON SOME CLOSE TO CONVEX FUNCTIONS
WITH NEGATIVE COEFFICIENTS

Mugur Acu and Irina Dorca

Abstract

In this paper we propose for study a class of close to convex func-
tions with negative coefficients defined by using a modified Saldgean
operator.

1 Introduction

Let H(U) be the set of functions which are regular in the unit disc U,
A={feHU): f(0)=f(0)—1=0}

and S = {f € A: f is univalent in U}.
In [7] the subfamily T" of S consisting of functions f of the form

(o]
f(z) :Z_Zajzj, a; >0,j=2,3,..., €U
j=2

was introduced.

(1)

The purpose of this paper is to define a class of close to convex func-
tions with negative coefficients and to give some properties of its by using a

modified Saldgean operator.
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2 Preliminary results

Let D™ be the Salagean differential operator (see [5]) D" : A — A, n € N,
defined as:

Df(z) = f(2)
D'f(z) = Df(2) = zf'()
D" f(z) = D(D" "' f(2))

o0 .
Remark 2.1 If fe T, f(z) =2— > a;z?, a; >0, j =2,3,..., z € U then
=2

Df(z)=2z— f j"a;zd.

=2

Definition 2.1 [2/ Let B,AN € R, >0, A >0 and f(z) = z—i—Zajzj. We
j=2
denote by Df the linear operator defined by

Df:A—»A,
© .
D’Bf Z + (=1 ajz].

0 .
Theorem 2.1 [6] If f(z) =2— > ajz), a; >0, 5 =2,3,..., 2 € U then
i=
the next assertions are equivalent:
(1) Z jaj <1

(1) f eT
(i) f € T*, where T* = T'(\S* and S* is the well-known class of
starlike functions.

Definition 2.2 [6/ Let a € [0,1) and n € N, then

Dn+1f(z)
D"f(z)

is the set of n-starlike functions of order «.
Also, we denote Tp,(a)) =T () Sn().

S’n(a):{feA:Re >a,zEU}
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Definition 2.3 [5/ Let I. : A — A be the integral operator defined by
f=1.(F), where c € (—1,00), F € A and

f6) =12 [P 2)

z
0

We note if F € A is a function of the form (1), then

fl2) =LF(:) = 2= Z+ L, (3)

We denote by f * g the modified Hadamard product of two functions
[e.°]

f(2),9(z) €T, f(2) =2— > a2, (a; >0,j =2,3,...) and g(2) = z —
j=2

S bzl (bj >0, j=2,3,...), is defined by
=2

(frg)(z) =2 ab;z’.
j=2

Definition 2.4 [3] Let f € T, f(z) = z — f ajz’, a; >0, j = 2,3,...,

z € U. We say that f is in the class TLg(c) j;”Q

DY (2)
Df(2)

Theorem 2.2 [3] Let a € [0,1), A > 0 and > 0. The function f € T of

the form (1) is in the class T Lg(a) iff

Re >a, a€[0,1), A>0, >0, z€U.

DIA+G =N A+ G- DA —a)la; <1-a. (4)
j=2

]:
0 .
Theorem 2.3 [3] If f(2) = 2z — ) a2/ € TLg(),(aj > 0,7 = 2,3,...),
j=2

g(z) =2z—>_ bjzj € TLg(o), (b; >0,5=2,3,...),a€[0,1), A\ >0, >0,
j=2
then f(z)* g(z) € TLg().
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Theorem 2.4 [3] If F(z) = 2 — Y a;27 € TLg(a), then f(z) = I.F(z) €
i=2
TLg(), where I. is the integral operator defined by (2).

In [3] it’s considered the integral operator I.;5 : A — A, 0 < u < 1,
1 <6 <00,0< ¢ < o0, defined by

1
f(z) =I..5(F(2)) = (c+) /uc+5 2F(uz)du. (5)
0

0 .
Remark 2.2 For F(z) =z+ Y ajz’. From (5) we obtain

j=2
o
c+6
= J
f(2) z+jz:26+j+5_1 J
. c+o .
Also, we notice that 0 < —————— < 1, where 0 < ¢ < o0, j > 2,
c+j+6-1

1<6 < 0.

Remark 2.3 It is easy to prove that for F(z) € T and f(z) = I.15(F(2)),
we have f(z) € T, where I s is the integral operator defined by (5).

Theorem 2.5 [3] Let F(z) be in the class TLg(a), F(z) = 2 — 3 a;27,
=2

]_
a; > 0,7 >2. Then f(z) = I.45(F(2)) € TLg(ax), where 1.5 is the integral
operator defined by (5) .

3 Main results

&) .

Definition 3.1 Let f €T, f(2) =2— > a2/, a; >0, j=2,3,...,2€U
i=2

and g(z) € TLg(a). We say that f is in the class CCTLg(w) if:

DY f(z)

Re
DYg(2)

>a, a€[0,1), A>0, >0, z€U.
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Theorem 3.1 Let a € [0,1), A >0 and 8 > 0. The function
f € CCTLg(a) with respect to the function g(z) € TLg(v) iff

o0

ST+ G =N+ (G- DN+ (2—a)h] <1-—a. (6)

Jj=2

Proof. Let f € CCTLg(a), f(z) =2—3 a;2’, a; > 0,j > 2, with respect
j=2
to the function g(2) = z— Y b;27 € TLg(a), bj > 0,5 > 2, where a € [0, 1),
j=2
A>0and 8 >0. We have
DY)
DYg(2)
If we take z € [0,1), B >0, A > 0, we have (see Definition 2.1):

o0

1- Z[l + (G — AP a2t
jzfo > . (7)
1= 14 (G — )APzi 1
j=2

From g(z) € TLg(a) we notice that 1 — 3" [1+4 (j — 1)A]b;29 =1 > 0. We

j=2
obtain
o0 o )
1= [+ G =D a2/t > a—ad [+ (- DA,
j=2 j=2

il—l— (G —DNP[(1+ (5 — DNa; —abjz2 7 <1 —a.
7j=2

Letting 2 — 17 along the real axis we have:

il—F (G —DNP[(1+ (5 — DA)a; —abj] <1 —a. (8)
7j=2
From
D IHG-DA[(+(G-1DA <D [HG-DN[(A+G-1)N)aj+(2—a)b;]
Jj=2 Jj=2
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we notice that if the following condition hold
DGO+ (G- DNay + 2 - a)b] <1-a,
j=2

then also the condition (8) holds.
Conversely, let take f € T' with respect to the function g(z) € T'Lg(a),
for which the condition (6) hold.

B+1
The condition Rel),\ﬂif(z)

> « is equivalent with
Dyg (2)

We have

DG = DN+ (= 1N )ay — byl - |2

1= S [+ (G- APyl

j=2

at+ > [+ (G- DAL+ (G — DA)a; — bs| — abj]
j=2

<

o0

1= [+ (j = 1A,

=2
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a+ i[l + (G = DN+ (5 — DN)aj + b; — abj]
<

o0

1= "1+ (j = 1A,

=2

a+ [+ G = DN+ (G~ DVay + (1= b

Jj=2
= — <1.
1= [1+(j = DA%,
j=2
Thus
a+ Y [+ G = DN [+ (G = DA )a; + (1 - 1= 1+ (G —1)A;,

. g

SH+G =N+ (- DNaj + (2—a)h] <1-a

=2

which is the condition (6).

Remark 3.1 If we take f = g we obtain from Theorem 3.1

DH+G =N+ G -DN)+ (2 —-a)la; <1-a,
J=2

Zl—i— (= DN°B+(— DA —ala; <1—a.
7j=2
From

l—a > [1+(-DA’[B+(i-1DA—afa; > > [1+(i-1)A’[1+(j—1)A—a]a;
j=2 =2

we obtain

ZlJr DN+ (G —-DA—alaj <1—a
j=2

which is the condition from Theorem 2.2.
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Remark 3.2 From the proof of Theorem 3.1 we obtain a necessary condi-
o0 .
tion for a function f € T, f(z) = z— Y a;j2?, to be in the class CCTLg(c)
j=2
S -
with respect to the function g(z) € TLy(c), g(z) =2z — ) bjz?, aj >0,
=2
bj >0,7>2,neNac0,1), which is
oo
DI+ G =N+ (G = DNy —abj] <1-a,
j=2
Remark 3.3 Using the condition (6) it is easy to prove that CCT Lg 1 (o) C
CCTLg(a), where >0, a € [0,1) and A > 0.

Theorem 3.2 If f'(2) = z — ) a;2’ € CCTLg(a),(a; >0, j =2,3,...),
j=2
with respect to the function g'(z) = 2 — Y bjl»zj € TLg(w), (bj1 >0,j =
j=2
2,3,...) and f*(z) = z — Za?zj € CCTLﬁ(a),(a? > 0,5 = 2,3,...),
=2

]_
with respect to g*(z) = z — Zb?-zj € TLg(o), (b? > 0,7 = 2,3,...),
j=2

a € [0,1),\ >0, B >0, then f}(z) * f2(z) € CCTLg() with respect
to the function g*(z) * g*(2) .

Proof. From Theorem 2.3 we have g'(z) * g>(z) € TLg(a). We have

14+ G — DN [(1+ (G — DA)aj + (2 - )b} <1-a

M

<
[|
N

and

1+ G- DN+ G- DNal+(2—a)pi] <1—a.

M

I
¥

J
o0 .
We have from Definition 2.5 that f1(z) * f2(z) = z — Y a}a?z] and
i=2

S .
g (2)*x g% (2) =2 — > bjlb?zj. From Theorem 2.1 when f2(z) € T we have
i=2

o0

> jaj <1.8o, a3 <1,j=2,3,.... Similarly we obtain b? < 1,j = 2,3, ....

Jj=2
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Thus (using 2[1 G = DAL+ (= DA )ab + (2 — a)bl] < 1— a):

Z G —DNP[1+ (- I)A)a}a? +(2- oz)bjl-b?]
=2

<Y N+ G =N+ G- DNaj + (2—a)bj] <1-a.
=2
This means that f1(z)* f2(2) € CCT Lg(a) with respect to the function
9'(2) *g°(2) € TLg(q).
Theorem 3.3 If F(z) = z — >, ajl-zj € CCTLg(a) with respect to the
=2

function G(z) = z — 22 b]lzj € TLg(a), then f(z) = I.F(z) € CCTLg()
=

with respect to g(z) :7ICG(z) € TLg(cv), where I, is the integral operator
defined by (2).
Proof. From Theorem 2.4 we have g(z) = I.G(z) € TLg(a) and g(z) =

S . c+1
— S 227, where b2 = blee(—1,00), 5 >2.
ngzjzwr] c—l—'JC (=1,00), j >

1
We have f(z) = Eazﬂ Whereag—% Lc€e(—1,00),5>2.
J= ¢l

Thus a? < ajl and b]2 b1 and using the condition (6) for F(z),z € U,
we obtain

ST+ G—DN°[(L+ (G - 1)Nad + (2 — a)b]]
7j=2

<Y M+ G =D+ (G = DNaj + (2—a)bj] <1-a.
This completes our proof.
Theorem 3.4 Let F(z) to be in the class CCTLg(a), F(z) = 2— Y ajz’,

with respect to the function G(z) = z — Z bjz) € TLg(), aj,bj >0,

j_
B,A >0, > 2,a € 0,1). Then f(z) = I.45(F(2)) € CCTLg(a) with
respect to g(z) = I.15(G(2)) € TLg(ov), where 1.5 is the integral operator
defined by (4).
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Proof. From Theorem 2.5 we have g(z) = I.4+5(G(z)) € TLg(c), where

X c+ 6 c+o
=z - —— b, 0 < ——— < 1, where 0 <
g(z) =z ]§2C+5+j_1j, <c+5+]—1< , where ¢ < 00,

Jjz2.
From F(z) € CCTLg(c) we have (see Theorem 3.1)

il-&— (7—1A [(1+(j—1))\)aj+(2—oz)bj]<1—a,
7j=2

where aj,b;,3,A > 0,7 > 2, € [0,1). From Remark 2.2 we obtain f(z) =
o c+96 c+6

— " 4. with _°T% 1 wh
z j;QC—i-(S—i—j—laj wit 0<c—|—5+j—1< , where 0 < ¢ < oo,
J=2.

Thus (using 3 [1+ (7 — DAP[(1+ (G — DA)aj + (2 —a)bj] <1 - a)

i=2

N ct+d c+9

D+G DN+ G-DN—% gt (2—a) 0y,
; +(j 1P[(1 + (4 ))C+5+j_1aj+( a)c+5+j_1]]

oo
<Y N+ G =D+ G = DNaj + (2 - )] <1—a.
7j=2
This completes our proof.

Remark 3.4 We notice that in the particulary case, obtained for A\ = 1
and B € N, we find similarly results for the class CCT,(«) of the n-close to
convex functions of order o with negative coefficients (see [1]).
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