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ORBITS TENDING TO INFINITY UNDER
SEQUENCES OF OPERATORS
ON HILBERT SPACES

Sonja Mancevska and Marija Orovcanec

Abstract

In this paper are considered some sufficient conditions under which,
for given sequence (T;);>1 of operators on an infinite-dimensional com-
plex Hilbert space, there is a dense set of points whose orbits under
each T; tend strongly to infinity.

1 Introduction

Throughout this paper H will denote an infinite-dimensional complex
Hilbert space with inner product (:|-) and B(H) the algebra of all bounded
linear operators on H. If T' € B(H), with »(T'), o(T'), op(T) and oq(T)
we will denote the spectral radius, the spectrum, the point spectrum (i.e.
the set of all eigenvalues for T') and the approximate point spectrum of T,
respectively. Recall that o,(T") is the set of all A € o(T") for which there is
a sequence of unit vectors (x,),>1 such that ||Tz, — Axy,| — 0, as n — oo;
any sequence with this property is a sequence of almost eigenvectors for
A. Unlike the point spectrum, which can be empty, the approximate point
spectrum is nonempty for every 7' € B(H): it contains both do(T") # @ and
op(T) [2, Prop.VIL6.7].

Orbitof x € Hunder T € B(H) is the sequence Orb(T, z) := {T"x : n > 0}.
In our interest are operators T' € B(H) for which there is € H whose orbit
under 7' tends strongly to infinity, i.e. || T"z| — oo, as n — oco. If o, (T)
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contains a point A\ with |A| > 1, then for every nonzero vector z in the cor-
responding eigenspace ker(T' — \), ||[T"xz| = |A\|" ||z|] — oo as n — oo. But,
in general, ker(T" — \) is not dense in H. In order to produce a dense set of
vectors whose orbits under 7' tend strongly to infinity, we have to look at
the points in the approximate point spectrum which are not eigenvalues.

In [1, Thm. I11.2.A.1] B. Beauzamy showed that, if {\ € C: |\| =r(T)}
contains a point in ¢(7") which is not an eigenvalue for 7', then for every
positive sequence (am,)p>1 strictly decreasing to 0, in every open ball in H
with radius strictly larger then ai, there is z € H with ||[T"z|| > a,r(T)",
for all n > 1. As its proof suggests, this result will remain true if r(7')
is replaced with |A| for any X\ € 04(T)\o,(T"). Note that, if 7(T) > 1, or
in the later case if there is A € 04(T")\o,(T") with |A| > 1, then the space
will contain a dense set of z’s with Orb(7), z) tending strongly to infinity.
(For some additional results on similar estimations of the orbits we refer the
reader to [5], [6] and [7].)

Using a similar technique, in [4] the first author has shown the following
results.

Theorem 1.1. [4, Theorem. 3.1] If T7 and T are operators € B(H), and
M € 0o(Th)\op(Th) and Ao € 04,(12)\op(T2), then for any two sequences
(a1n)n>1 and (oon)n>1 strictly decreasing to 0, in every open ball in H
with radius strictly larger then (0‘%,1 + ag’l)l/z, there is z € 'H satisfying

|7 2| > a1pn M| and ||T 2] > agp | A2|™ for alln > 1.

Corollary 1.2. [4, Corollary 3.2] If 04(T1)\op(T1) and oq(T2)\op(T2) both
have a nonempty intersection with the domain {\ € C: |\| > 1}, then there
is a dense set of vectors z € H such that both the orbits Orb(T1,z) and
Orb(T3, z) tend strongly to infinity.

With some additional changes of the proof, the results in Theorem 1.1
and Corollary 1.2 can be easily extended up to a finite sequence of operators
{Th,T»,..., T} in B(H), and sequences (a;n)n>1, @ = 1,2,...,k of positive
numbers strictly decreasing to 0.

In general, for infinite sequence operators we need to make some addi-
tional restrictions upon the sequences (a;n)n>1-

However, as in [4], our main tools are the following two results.
Proposition 1.3. [4, Prop. 2.1] Let Te€B(H) and X € 0(T)\op(T).

(a) For every sequence of almost eigenvectors (xp)p>1 for X\ and every
h €H, limy,_o0 (xn|h) = 0.
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(b) If E is any orthonormal basis for H, then there is a sequence (yi)r>1

of almost eigenvectors for A, such that the sets {e € E : {(e|yy) # 0},
k > 1 are all finite and pairwise disjoint.

Lemma 1.4. [4, Lemma 2.2] If A € B(H) and (up)n>1 15 a sequence in H
which tends weakly to 0, then for every u € H and every 6 > 0:

(a) limsup ||A(u + 5un)H2 > HAUH2; and

n—oo

(b) if ||Aun| — a as n — oo, then lim ||A(u + dun)||* = ||Aul® + o262

Remark 1.5. The assertion (a) in Proposition 1.3, together with the Riesz’s
theorem for representation of bounded linear functional on Hilbert space, ac-
tually states that every sequence of almost eigenvectors for A € 04(T")\o,(T)
tends weakly to O.

Remark 1.6. If E is an orthonormal basis for H, (7;);>1 is a sequence in

B(H), \i € 04(Ti)\op(Ti), © > 1 and (y; x)k>1 is a sequence of almost eigen-

vectors for \; as in Proposition 1.3.(b), then for each 7 > 1 we can find subse-

quence (z; i )k>1 of (Yi & )k>1 such that the sets E(xz; 1) = {e€ E : (e|z; ) # 0},
1> 1, k > 1 are pairwise disjoint. One way to do this is as follows.

Put 1,1 =Y1,1-

Suppose that, for some [ > 2, we have found vectors z; ;, 2 < i+ j </,
so that E(x;;), 2 <i+ j <[, are pairwise disjoint.

Now, since F is infinite (as an orthonormal basis of an infinite-dimensional
Hilbert space) and E(y;;), ¢ > 1, j > 1 are all finite, by induction we can
find positive integers N;(j), i +j = [+ 1 so that E(x;;), 2 <i+j <l and
E(yi,n,(;))s i +J = [+ 1, are pairwise disjoint. Put x; ; = y; n,(;), for each i
and j with ¢ +j =1+ 1.

2 Main result

Theorem 2.1. Let (T;);>1 be a sequence in B(H) with o,(T;)\op(T3) # @ for
all i > 1. Then for any sequence (X\;)i>1 with \; € o4(T;)\op(T3), i > 1 and
any family of strictly decreasing sequences of positive numbers {(a; ;)j>1 :
i=1,2,...} witha;j — 0 as j — oo for alli > 1 and Zi>1a7,2,1 < 00, in

every open ball in H with radius 2( 3 ;4 aﬁl)l/2 there is z € H satisfying:

|7 z|] > aim |Ni]™, for alli>1andn > 1.
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Proof. By Proposition 1.3, Remark 1.5 and Remark 1.6, there are
sequences (Zjn)n>1, ¢ = 1,2,..., in H with the following properties:

(P.1) [|zin|| =1foralli > 1 and n > 1;
(P.2) (zin | xjm)=01if i # j or n # m;
(P.3) (2in)n>1 tends weakly to O for all ¢ > 1; and
(P.4) HTzkx%nH — |\i|¥ as n — oo, for all i > 1 and k > 1.
Fix z € Hand 0 < e < 1/2. Let
Aij = (a?,j - a?,j+1)1/27 1>1, 7> 1

We start with the sequence (z+ (1+¢)A1 1215 )n>1- By (P.3), (P.4) and
Lemma 1.2.(b)

lim || T1(z + (1 +e)Araena) I = [Tiz” + (1 +2)° A7y M > A3 [l

Hence, there is a positive integer Ni(1) so that
HTl(.CL‘ + (1 + E)Al,lxl,Nl(l))H > A171 |)\1| .

Let zo = x + (14 ¢€)A1,121, 8, (1)

Suppose that for some | > 2 we have found positive integers N;(j),
2 <i+j <Ilsothat

N;i(7) < Ni(j+ 1) for all ¢ and j, (1)

and the vectors zp, 2 < k <[ defined with

a=z+(l+e) D Aywing, 2)
2<i+j<k
satisfy
‘ Tz]ZkH > (Aij R Aik)l/2 N, forall 2 <i+j <k (3)

Inductively we will find positive integers Ng(I +1 —s), s = 1,2,...,1
such that
Ng(l+1—5)>Ns(l—1), s=1,2,...,1—1,
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and the vectors zl(s), s=1,2,...,1 defined with

S
zl(s) =z1+(1+4¢) Z Az‘,l—i—l—ixi,Ni(lJrl*i)
i=1

satisfy both (4) and (5) bellow,

|

T/ 2"

We begin with the sequence (2; + (14 ¢€)A; ;21,n)n>1. By Lemma 1.2.(b)
and (5)

> (A2 4+ AZ)YEINP forall 2 < it 5 <1 (4)

and

T S Ay I forall 1< < s, (5)

) . 2 1|12 2 42 2 2 2
Tim [T+ (U4 ) Ay = [Tz + 1+ 2243, 0 > a3, 0P

Hence, there is ng > Ni(I — 1) so that

HT1l(Zl +(14+¢e)Azin)|| > Ay \)\1|l , for all n > nyg.

On the other hand, by (3) for k¥ = [, Lemma 1.2.(a) and (4)
: j 2 7 2 2 \1/2 |y (2]
limsup |7 (2 + (1+ &) Argana)| = [T > (A2 4+ 42) 2 07

for all 2 <+ j <1, which allows us to find Ny(I) > ng > Ni(I — 1) so that
21(1) =2+ (1+¢e)ALm N

satisfies HT{zl(l)H > Ay M| and

Now, suppose that for some 1 < s < [—1 we have found positive integers
Ni(l),Na(l —1),...,Ns(l + 1 — s) with the desired properties.

We observe the sequence (zl(s) + (14 ¢)Asi11-sTs+1,n)n>1- Applying

again Lemma 1.2.(a) we have

ngl(”H S (Aig+ o+ Ao N forall2 < i+ j <L

2 . 2
|7

v

lim sup Hle(Zl(S) + (1 + 6)As-i—l,l—s-xs—i-l,n)

n—oo

.
> (A7 4+ AT N

for all ¢ and j with:
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(i)l1<i<sand2<i+j<Il+1;o0r
(ii)) s+1<i<l—land 2<i+j<lI,

and, by Lemma 1.2.(b)

nle ‘ Tsl+i( ) + (1 + 5)A5+1,l—s$5+1 n) ‘
- -
= | T+ o ePA L AP > A2 PO

Hence, we can find Ns11(l —s) > Ngy1(l —s — 1) so that

s+1
( ) _ Zl( 5) + (1 + €)As+1,lfsxs+1,Ns+1(l*5)

satisfies (4) and (5) with s 4 1 instead s.

Put 2141 = zl(l). Clearly

By the previous discussion there are positive integers N;(j), i > 1,7 > 1
such that (1) holds for all > 1 and j > 1, and the sequence (zj)x>2 given
with (2) satisfies (3) for all £ > 2. We will show that (zj)x>2 is a Cauchy
sequence in H.

ngmH > (Aij+ . Ay Y2 NP, forall2 <i45 <141

Let ¢’ > 0 be arbitrary. By the assumptions upon the sequences (a; ;);>1,

i =1,2,... there is a positive integer ig such that
) :
a =
i>i0+1 1 + 8)

and a positive integer jo > i¢ such that

|a2 ., — a2 . ‘ < 8/
v T Ya LS 96 (1 + e)2

, for all 1 <4 <o, j1 > jo, Jj2 > Jo-

Now, if [ > k > ip + jo, then by the definition of A;;, i« > 1,7 > 1 and the
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assumption that (a;;)j>1, ¢ = 1,2,... are decreasing sequences we obtain

le ==l = (L+e)® > A%

k+1<i+;5<i
m o -1
< (1+¢)? Z( Tkl — Qi) + Z a’zz,l—&-l—i)]
:izl 1=ig+1
0 00
2 2
SEEER SCRERES o ]
Li= 1=ig+1
r /
e'ig €
< (14+¢)?
(+-)_%m+lX1+@2+2ﬂ+€P}

Since H is a Hilbert space, there is z € H such that z = limy_, o, 25 (rel-
ative to the norm topology), and this vector is with the desired properties:

1. Keeping in mind that (a;;)j>1, @ = 1,2,... are decreasing sequences
we have
2 _ . 2 _ 2
lo =2 = Jim [lz — 2" = (1+¢)* lim >4
k—o00

2<2+g<k

k—1 k—1
< 4 hm Z(a?l — a?k+1_i) < 4 hm Za?l
k—o00 1 ’ ’ k—o00 4 1 ’

= 1=

< 4 Z a%’l.
i=1
d 1 2 2 )12
and consequently ||z — z|| < (ZiZI ai’l) ,
2. For given positive integers 7 and n,

IT7 2k > (A7, + -+ AT N[ = (af

wn zk+1)l/2 ‘)‘ ‘

for all kK > n + i, and consequently

72 = lim 177 2] 2 ai N .
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3 On orbits tending strongly to infinity

Theorem 2.1 allows us to give sufficient conditions under which, given a
sequence (T;);>1 of operators in B(H) the space H will contain a dense set
of vectors with orbits under each T; tending strongly to infinity.

Corollary 3.1. Let (T;)i>1 be a sequence in B(H) such that for everyi > 1
the set 04(T;)\op(T;) has a nonempty intersection with {A € C : |A\| > 1+ 5}
for some 3> 0. Then there is a dense set of z € H with Orb(T;, z) tending
strongly to infinity for every i > 1.

Proof. Let A\; € (04(Ti)\op(T3)) N{A € C: A >1+p5},i>1. Let 1 <¢<
1+ B < inf;>1 |\| and, for given § > 0, choose 0 < C' < d¢%(¢*> — 1)/2. If
x € 'H and

ai,j - Cl/zq_(“—j)v { Z 17 .7 Z 17
then, for z € H from the proof of Theorem 2.1, ||z — z|| < § and for each
i>1,

T7 2| > ain|Ni|™ = Cl/Zq_i|)\iq_1\" — 00 as N — 00. [ |

Corollary 3.2. Let (T;)i>1 be a sequence of invertible operators in B(H)
such that for each i > 1, the set 04(T;)\op(1;) has a nonempty inter-
section with both {\ € C: |\ >1+~} and {A € C:0 < |\ <~} for some
0 <y < 1. Then there is a dense set of z € H for which both Orb(T;, 2)
and Orb(T; 1, 2) tend strongly to infinity for every i > 1.

Proof. If T € B(H) is invertible operator, then
A € oo (T 1) if, and only if, \™! € 0,(T), (6)

and
A € 0,(T71) if, and only if, \™' € 0,(T). (7)

By our assumption, (6) and (7), for each i > 1, both 0,(7;)\op(T;) and
0o(T; M)\ op(T; 1) will have a nonempty intersection {\ € C: [\| > 1+ 3}
for 3 = min{y~! — 1,7}. Now the assertion will follow from Corollary 3.1
applied on the sequence {T7,T] LD, T{l, b [ |

Corollary 3.3. Let (T;)i>1 be a sequence in B(H) such that for everyi > 1
the set o,(T;)\op(T;) has a nonempty intersection with {\ € C : |A\| > 1+ (5}
for some B > 0 and (T;)i>1 uniformly converges to T € B(H). Then there
is a vector z € H with Orb(T, z) tending strongly to infinity.
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Proof. Let \; € (0(Ti)\op(T3))N{A € C:|A\| >1+p}, i« > 1. By the
uniform convergence of (7;);>1 to T' € B(H), there is M > 1+ 3 such that
|Ti|] < M for all i > 1. Then, since o(T;) C {A € C: |\ <||T;||}, for each
i > 1, the sequence (\;);>1 is bounded and hence, there is a subsequence
(Xig)k>1 and Ag in {A e C: 1+ 5 < |\ <M}, so that [A;, — Ao| — 0, as
k — oo.

We will show that Ao € o,(T). If we assume that A\g ¢ 04(7T), then we
can find ¢ > 0 (cf. [2, Proposition VII.6.4]) so that

[Tz — Xox|| > cl|z||, for all z € H.

Let ko is such that ||T;, — T < c/4 and |A;, — Ao| < ¢/4. Then

cllzl < ITe = oal
< Tz = Ty all + 1Ty = A 7l + X, = Doz
C C
< Sllall+ 1T = Aol + 5 Nl

for every x € ‘H and, consequently

1T

iy @ — Nig, 2| = cl|z]|/2, for all x € H.
But, then )\iko ¢ aa(T%), which contradicts the choice of )\iko' Hence
Ao € 04(T). Now, since |Ag| > 1+  and Ay € 0,(T), we have one of the

following possibilities:

1. Ao € 0,(T). Then for every z € ker(T' — Ag)\{0} the orbit Orb(T z)
will tend strongly to infinity.

2. Mo € 04(T)\op(T). Then there is a dense set of vectors in ‘H with
orbits under T tending strongly to infinity. Moreover, by Corollary
3.1, applied on the sequence {T',71,T5,...}, there is a dense set of
vectors z € H with orbits under T" and each T;, ¢ > 1, tending strongly
to infinity. |

If (T;)i>1 is a sequence in B(H) satisfying the following, weaker condition
then the one in Corollary 3.1,

(0a(Ti)\op(Ti)) N{A € C: |A| > 1} # @, for all i > 1, (8)

the space may still contain a dense set of vectors with orbits under each T,
1 > 1 tending strongly to infinity. As the next example shows, this may
occur even in the case when ||T;|| — 1 as ¢ — oco. However, if in addition
IT; —T|| — 0 as i — oo, the conclusion in Corollary 3.3 fails: ||T|| = 1, and
hence Orb(T, z) remains in the ball {z € H : ||z|| < ||2|}, for every z € H.
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Example 3.4. Let S be the unilateral forward shift on ¢(N):
Sen =é€nt1, n=1,2,... |

where {e, : n € N} is the standard orthonormal basis for £2(N). Given a
sequence of positive numbers (a;);>1 so that a; > 1 for all i > 1 and a; — 1
as 1 — oo let

TZ'ZCL,'S, i:1,2,... .

Then Tj is unilateral injective forward weighted shift (with weights all equal
a;) and hence (cf. [8, Theorem 6])

op(T;) = @ and 04 (T;) = {X € C: |\ = a;}.

Obviously, (7;);>1 satisfies the weaker condition (8) and yet there is a
dense set of vectors in £2(N) with orbits under each 7} tending strongly to in-
finity. Actually ||T7z|| = ||(a;S)"z| = al ||z|| — oo, as n — oo, forallz # 0
and i > 1. Moreover, (7;);>1 uniformly converges to S: since ||S|| = 1, by
the choice of the sequence (a;)i>1, |1 — S| = (a; — 1) ||S|| =a; —1 — 0, as
i — 00. But S does not have orbits tending strongly to infinity: ||S"z| = ||z|
for all z € 2(N).
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