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ON UNIVALENT FUNCTIONS
WITH NEGATIVE COEFFICIENTS
BY USING GENERALIZED SALAGEAN OPERATOR

Abdul Rahman S. Juma and S. R. Kulkarni

Abstract

In this paper we have introduced a subclass AR(n,&, «, 8, ) of
univalent functions with negative coeflicients defined by Salagean op-
erator D™. We have obtained sharp results for coefficient estimates,
distortion and closure bounds, Hadamard product and other results.

1 Introduction

Let A denote the class of functions of the form
oo
f(z) :z—i—Zakzk (1.1)
k=2

analytic in the unit disk & = {z : |z] < 1}. For a function f(z) in A, we
define the following

D°f(2) = f(2) (1.2)
D'f(z) = (1= Nf(2) + Azf'(2) = Daf(2), A20 (1.3)
D" f(z) = DA(D"" f(2)). (1.4)

Also, from (1.3) and (1.4) we note that

DU f(z) =2+ Y (1+ (k—1)A)arz" (1.5)
k=2
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if we put A = 1, we have Salagean operator [6].
A function f(z) belonging to A is in the class AS(n,&, a, 3, A) if and
only if
B
<p (1.6)

(BT - o) - (T -

WhereO§a<i,O<ﬁ§1,%§§§1,ne]NU{0}, z€eU.
Let T denote the subclass of A consisting of functions of the form

o

f)=2=> ap®, (ar>0). (1.7)

k=2
Now we define the class AR(n,§, a, 5, ) by
AR(n, &, a, B,\) = AS(n, &, a, B, A) N T.

We note that by specializing the parameters n, A\, &, and A we have the
following subclasses

(i) the class AR(0,1,0,1,0) is precisely the class of starlike functions in
Uu.

ii) the class AR(0,1,,1,0) is the class of starlike functions of order
a (0<a<).

(iii) the class AR(O,O‘TH,O,B, 0) is the class studied by Lakshminar-
simhan [4].

(iv) the class AR(0,&, «, 3,0) is the class studied by S. R. Kulkarni [3].

2 Coefficients estimates and other properties
Theorem 1. Let [ be defined by (1.7). Then f € AR(n,&, a, B3, \) if and

only if

A+ (k= DN)"[(k = 1)(1 - B) +266(k — )] < 266(1—a)  (2.1)

k=2
nelNu{o},o<B§1,0§a<2i§,%§§§1,A20.

Proof. For |z| = 1, we get
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2(D" f(2))" = D" f(2)| = BI28(2(D" f(2))" — aD" f(2))
—(2(D"f(2)) = D"f())| = = D (1 + (k= DA (k — D)ag2"|

n=2

—BI26(1 — o) = 26> (k— a)(1+ (k — 1)A)"axz"
k=2

+ ) (k — 1)ag2"|

2
< [Z V' (k = 1)(1 = B) + 206 (k — a)]ay — 2861 — )
2
Oa

by hypothesis. Thus by maximum modulus theorem, we have
feAR(n, & o, B, ).

Conversely, suppose that f € AR(n,&, a, 3, ), therefore the condition
(1.6) gives us

O
D f(2) _
z(D™ f(2))’ z(D™f(2))!
R - o) - R

(=) @+ (k= DX (k = Dapz"")/[26(1 — a) — 26 x
k=2

Z — DA a2t
k=2
+ 3 Dk=a(1+ (k= DA (k= a2 < 8.

Since |Re(z)| < |z| for all z, we obtain

Re{[> (1 +k—1)N)"(k - 1)apz"""]/[26(1 — @) — 2 x
k=2

> (k=o)L +k— 1N apz" + iu + (k= DN (k — apz*"1}
k=2 k=2

< .
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Let z — 17 through real values, so we have (2.1). The result is sharp
for the function

. 266(1 — ) k
T =2 G-+ 28—+ o—n > F22
L]
Corollary 2.1 : Let f € T belong to the class AR(n, &, «, 3, A), then
26¢(1 — a) k>2.  (22)

WS DB+ 20k - )+ (kDA T
Theorem 2. Let f € T belong to AR(n,&, «, 3, ), then for |z| <r <1, we

have
2&5(1 - Oé) n
F - 2B —ay) = PG
266(1 - a)
ST (= g+ 2062 =) 23)
. 266(1 — a)
(LN (- §) + 2062 — )
< (D" f(2)Y| <1+ 2r 20¢(1 — o) (2.4)

(IT+)™(1=B)+2662 - )
The above bounds are sharp.

Proof. By Theorem 2.1, we have

D @+ (k= 1)N)"[(k —1)(1 — B) + 2BE(k — o)]ax < 26£(1 — @),

k=2

then we get

(1+2)"((1 = B) + 2682 — a))ar

o0

<D (4 E-DN)"[(k=1)1 =) +288(k — a)]ar, < 26¢(1 — o),
k=2

then

- 26¢(1 - a)
kZQQk ST+ V- P +280—a)
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Hence
D FE)| < Lo+ PA+ NS
k=2
2 1S s 286(1—a)
< r+ri(l4A) ;ak§r+r (1= 5) + 292 —a)
and

DR = -0+ Y
k=2

2 266(1 — a)
=TT By s )
thus (2.3) is true. Further

26¢(1 — a)

(D"f(2)) ]| <1+ 201+ 0" ap <1+ A + 2862 = a)

k=2

and also
20¢(1 — a)
(1—08)+ (262 — )
The result is sharp for the function f(z), defined by
_ 2661 — o) 2 _
TO= g rme-o 77"

This completes the proof of theorem. O

D" f(2))] = 1—2r

Theorem 3. Letn € NU{0},A >0,0< 8 <1,0<a <ay < % and
% < § < 1. Then AR(nagaa27ﬁ7 )‘> - AR(n7€7a17ﬁaA)'

Proof. By assumption we have

26£(1 — ag)
(1+ (k=DN)"[(k = 1)1 = B) + 28 (k — az)]
266(1 — o)

=+ (= DV [0k — 1)(1— 5) + 256k —an)]

Thus, f(z) € AR(n,&, ag, 3, \) implies that

% o 266(1 — az)
;(14-(15 DA)*a, < (k—1)(1—p5)+ 28k — a9)
2861 — )

= - D 5) 12860k )
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then f(z) € AR(n,§, a1, 5, A). O

Theorem 4. The set AR(n,&, «, 3, ) is the convex set.

Proof. Let fi(z) = 2 — 3 ap;2* (i = 1,2) belong to AR(n, &, , 3, ) and
k=2

let

9(z) = C1f1(2) + 2 f2(z), with (1 and (2 nonnegative and (1 + (2 = 1, we

can write
oo

9(2) = 2= Y (Grak + Goar2)z".

k=2
It is sufficient to show that g(z) € AR(n,&, a, 8, A) that means

D@+ (k=N [(k = 1)(1 = B) + 28&(k — @)][Gra + Caax,2]

g
WE

1+ (E=DN)"[(k = 1)1 = B) + 26(k — a)lar,

k=2
+G2 Y (L4 (k= DN)"[(k — 1)(1 = B) + 288(k — a)]ak2
k=2
< Q2661 — @) + 2(266(1 — ) = (G + ¢2)(28E(1 — @) = 23£(1 — ).
Thus ¢(z) € AR(n, &, a, B, \). O

We shall further try to obtain the extreme points in the following theo-
rem.

Theorem 5. Let f1(z) =z and
26¢(1 — o) K
(1+ (k=DN)((k = 1)(1 = B) + 26¢(k — a))

ﬁer:Z&nqneWUﬂmAzm0<ﬁ§L0§a<i%ngL

Then f(z) is in the subclass AR(n, &, «, B, \) if and only if it can be expressed
o0 o oo

in the form f(z) = 3. yz" where (v, > 0 and > g =1 orl =y+> ).
k=1 k=1 k=2

fe(z) =2z —

Proof. Let f(z) = Y yx2* where (7, > 0 and ) 7, = 1). Thus
k=1 k=1

f) ==Y 2661 — o) ek
k

— (1+ (E=DN)™((k = 1)(1 = 3) + 28¢(k — @)

2
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and we obtain

o (L4 (= DA™k = D1 = B) +26¢(k — )\
> ( 1o )

260¢(1 — «) B > L
O+ k-0 ((k— D1 —B) + 26k —a)) ;27’“ =l-mst

In view of Theorem 2.1, this shows that f(z) € AR(n, &, a, 3, A). Conversely,
suppose f(z) of the form (1.7) belongs to AR(n, &, «, 5, A) then

26¢(1 — )

k=2

a , k>2.
S W G- DAk~ D1 B) + 206(k — )
Putting v, = (H(H)A)n((Qljsffagl)ﬁ)ﬂﬁé(k*a)), and 71 =1 — > 7k, then we
k=2
have f(z) =v1/1(2) + Z Vi fr(2)-
This completes the proof O

3 Neighbourhood and Hadamard product
properties

Definition 3.1 [5] : Let v > 0 and f(z) € T of the form (1.7). The
(k,~v)-neighbourhood of a function f(z) defined by

Niqy(f) = {GT g(z —Z*Zbkz and Zk|akzbk!<’7} (3.1)

for the identity function e(z) = z, we have

N (e) = {gGT g(z —z—Zbkz and Zk‘|bk|<'y} (3.2)

Theorem 6. Lety = (1+,\)n(%ﬁi§)1;§,(gg(27a))' Then AR(n, &, o, 3,\) C N ~(e).

Proof. Let f € AR(n,&,«, 3, \), then we have

(1= 5)+2662 =) (L+A)" Y ay

<D (4 (k= 1)N)™((k = 1)(1 = B) + 288(k — a))ar < 26£(1 - a),

k=2
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therefore,
— 2p¢(1 — a)
2 S A ) § 2062~ a)) (33)
also we have for |z| < r
I ()| <1+ \Z|Zkak <1 —|—7"Zkak.
k=2 k=2
In view of (3.3), we have
/ 2(26¢(1 — o))
SN 3 ) 2062 — )
From above inequalities we get
4p§(1 — a) _
E:m T+ (1= F) +28C )
therefore, f € Ny 5(e). O

Definition 3.2 : The function f(z) defined by (1.7) is said to be a member of
the subclass AR(n, &, a, 3, A, €) if there exists a function g € AR(n, &, a, 5, )
such that

‘—1‘<1—g, zel, 0< (<.
Theorem 7. Let g € AR(n, &, o, B, \) and
_ y
C=1- L, 0,5, (3.4)

Then Ni~(g) C AR(n, &, o, B, A, ¢) wheren € INU{0};A>0;0< 8 <1,
0<a<ge3 <ESLA>0,0<(¢<1 and

(1+X)"((1 = P) +2662 - )

A0 B8 = (1= 5) + 2662 — ) — 206( — )

Proof. Let f € Nj(g), then by (3.3) we have ) k|ay — by| < =, then
k=2

Z \ak — bk’ < %
k=2
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Since g € AR(n, &, «, 3, A), we have

28¢(1 — )
Zb’“—-1+A (1= 5) + 26£(2 — )’

therefore,
S Jag — b
‘ﬂz)_l‘ < kZ::Q\ak k|
9(2) 1= 3 b
k=2
(g e ey
T2 N1+ N1 - 8)+268(2 - a)) - 26(1 — o)
= 2d(n,0,8,60) =1-¢.
Then by Definition 3.2, we get f € AR(n,&, a, (3, A, (). O

Theorem 8. Let f(z) and g(z) € AR(n,§, a1,8,\) be of the form (1.7)

such that f(z) = z — > apz® and g(2) = z — 3. b2, where ag, by > 0.
k=2 k=2

Then the Hadamard product h(z) defined by h(z) = z — 3. apbpz" is in the
k=2

subclass AR(n, &, ag, 3, \) where

az < [((k=1)(1—B) +26B(k — a1))* (1 + (k= 1)A)"

—206(1 — a1)*(k = 1)(1 = B) — (266)*(1 — c)?K]/[((k — 1)(1 = B)
+206(k — 1))’ (1 + (k = D)A)") — (2¢6)*(1 — a1)?].

Proof. By Theorem 2.1, we have

— (14 =D)N"((k=1)(1 = B) +2B¢(k — o))
26€(1 — 1)

o
[\

and

(L (k= DN ((k = 1)(1 = §) + 268 (k — o))
Z 2,85(1 _ al) bk < 1. (36)

k=2
We have only to find the largest ao such that

i (1+ (k= DN)"((k = 1)1 = B) + 26¢(k — a2))

25€(1 — o) arbr < 1.

k=2
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Now, by Cauchy-Schwarz inequality, we obtain

N (L (k= DN (k= 1)(1 = 8) +286(k — o))
Z 266(1 — o) apby <1, (3.7

k=2

we need only to show that

L+ (k= DN"((k = 1)1 = B) + 28¢(k — aa))

206(1— ) b
1+ (k—=DN)"((k—1)A = B) +2B¢(k — a1) ,——
= 28¢(1— ay) anbi
equivalently
m < 26€(1 — as)

(L+ (k= DN ((k— (1 B) + 286k —a))
(1+ (k — DA ((k — 1)(1 — B) + 2B¢(k — 1))
26£(1 — aq) '

But from (3.7) we have

268(1 — aq)
Vb = R DN (k- 1)(1— 5) + 266(k —an))’

Consequently, we need to prove that

266(1 — o)
L+ (k= D)A)™((k = 1)(1 = B) + 268(k — 1))
(1 —ag)((k—1)(1 = B) +2BE(k — a1))
(1 —a1)((k=1)(1 = B) +2BE(k — a2))

or, equivalently, that

—~

IN

az < [=206(1 - a1)*(k = 1)1 = B) + ((k = 1)(1 = B) + 268(k — an))? x
(L+ (k= A" = (266)*(1 — 1)K/ [((k = 1)(1 = B) + 26&(k — an))? x

(L+ (k= 1N)") = (260)*(1 — an)?)].
O

Theorem 9. Let f(z) € AR(n,&, o, 5, \) be defined by (1.7) and ¢ any real
number with ¢ > —1 then the function G(z) defined as
G(z) = Cj—cl fOZ s f(s)ds, c¢> —1, also belongs to AR(n, &, a, 3, \).
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Proof. By virtue of G(z) it follows from (1.7) that

k=2 k=2
But
. DA™ (k-1 = B) +266(k —a)) (c+1
Z ag é 17
20£(1 — ) c+k
k=2
since ik 1 and by Theorem 2.1, so the proof is complete. O

Theorem 10. Let f(z) € AR(n,&, o, B, ) be defined by (1.7) and
Fu(z) = (1 —pz+pfy 5 1) g (0 > 0,z € U). Then F,(z) is also in
AR(n, & 0, ,A) if 0 < < 2.

Proof. Let f defined by (1.7) then

[ s— io: ars® 00
Fu(z)=01- )z+/\/0 kz; ds:z—kzzz':akzk
By Theorem 2.1 and since (5§ < 1) we have
o~ (L4 (k= DN)™((k = (1 = B) +26¢(k — a)) p
z; 28¢(1 — ) (G
N — DA™ ((k = 1)1~ B) + 26¢(k — @) p
< kzﬁ 2561 — ) (m =1
then F,(2) is in AR(n,&, o, 5, A). O
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