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A GENERALISED COMMUTATIVITY THEOREM
FOR PK-QUASIHYPONORMAL OPERATORS

B. P. Duggal

Abstract

For Hilbert space operators A and B, let 4 g denote the generalised
derivation d45(X) = AX — XB and let A4p denote the elementary
operator A ap(X) = AXB—X. If Ais a pk-quasihyponormal operator,
A € pk—QH, and B* is an either p-hyponormal or injective dominant
or injective pk — QH operator (resp., B* is an either p-hyponormal or
dominant or pk — QH operator), then d45(X) =0= d4-p-(X) =0
(resp., Aap(X) =0= As-p«(X) =0).

1 Introduction

Let B(H,K), B(H) = B(H,H), denote the algebra of operators (equiva-
lently, bounded linear transformations) from a Hilbert space H into a Hilbert
space K. Let 045 € B(B(K),B(H)), A € B(H) and B € B(K), denote the
generalised derivation dap(X) = AX — X B, and let Ay € B(B(K), B(H))
denote the elementary operator Aap(X) = AXB — X. The (classical)
Putnam-Fuglede commutativity theorem says that if A and B are normal
operators, then 522(0) C 5233* (0). Over the years, the Putnam-Fuglede
commutativity theorem has been extended to various classes of operators,
each more general than the class of normal operators, and to the elementary
operator A 4p to prove that A, 3(0) € Al . (0) for many of these classes
of operators (see [1, 2, 3, 7] and [9] for references). Recall that an operator
A € B(H) is said to be (p, k)-quasihyponormal, A € pk — QH, for some real
number 0 < p < 1 and non-negative integer k£ (momentarily, we allow k& = 0)
if A*F(JA|% —|A*|?P) A% > 0. Evidently, a 10 — QH operator is hyponormal,
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a p0—QH operator is p-hyponormal, a 11 —QH operator is quasihyponormal
and a 1k — QH operator for k > 1 is k-quasihyponormal. Recently, Kim [9,
Theorem 11] has proved that if A € B(H) is an injective pk — QH operator,
k > 1, and B* € B(K) is a p-hyponormal operator, then §,5(0) C §;!5.(0).
Using what is essentially a very simple argument, we prove in this note a
more general result which not only leads to Kim’s result (loc.cit.) but also
gives us further similar results. Thus we prove that if A € pk — QH and
B* is either p-hyponormal or injective dominant or injective pk — Q H, then
615(0) C 6,15.(0), and if A € pk — QH and B* is either p-hyponormal
or dominant or pk — QH, then A, 5(0) € Ayl5.(0). We also consider op-
erators A € pk — QH for which d4+4(X) = 0 or Aga«(X) = 0 for some
invertible operator X.

In the following we shall denote the closure of a set S by S, the range
of T € B(H) by TH or by ranT, the orthogonal complement of 7-1(0) by
ker' T, the spectrum of T by o(T), the point spectrum of T' by op(T), and
the class of p-hyponormal operators, 0 < p < 1, by p — H. Recall that an
operator T is a quasiaffinity if it is injective and has dense range. Any other
notation or terminology will be defined at the first instance of its occurrence.

2 Results

Let P; denote the class of operators A € B(H) such that

A:(AH A12><H1>
0 Ao Ho )’
where AL, = 0 for some integer k& > 1, and let Py denote the class of
operators B € B(K) such that B has the decomposition B = B,, & B,
into its normal and pure (= completely non-normal) parts, with respect
to some decomposition K = K1 @ Ky, such that B, has dense range. Let

(P1,P2) (resp., [P1,P2]) denote the class of operators (A4, B), A € P; and
B € Py, such that d,) 5 (0) C 5;,1}135(0) and 0, 5 (0) C 5;;132(0) (resp.,

A;hll B, (0) C AZ%1 B;;(O).) The following theorem is our main result.

Theorem 2.1. (i) If (A, B) € (P1,P2) and X € B(K,H) is a quasiaffinity,
then X € 635(0) = X € 6315.(0).

(ii) If (A, B) € [P1,P2] and X € B(K, H) is a quasiaffinity, then X €
ALL0) = X € AL5.(0).
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Proof. Let the quasiaffinity X : K1 & Ko — H; ® Hs have the matrix
representation X = [Xij]iz,jzl'
(i) If X € 6,5(0), then 64,,5,(X22) = 0 = XoBF =0 = X33 = 0,

since By, has dense range. Evidently, the hypothesis 5;111 B, (0) C 5;%1 B: (0) =

6Alpr(X12) =0 = (5ATIB;(X12) — ranX12 reduces A11, kerleg re-
duces B, and An\m and Byl L Xy, are unitarily equivalent normal
operators. Hence Xio = 0, which since X is a quasiaffinity implies that
Ko = Ha = {0}. Consequently, the hypothesis 5;111&(0) C 52%1]3;; (0) im-
plies that d4+p=(X) = 0.

(ii) If App(X) =0, then

Aayyp, (Xo1) =0 = Xo1 = Ay X9 B, = A5, X01BF =0,

and
AAQQBP(XQQ) =0= X22 = AQQXQQBP = A§2XQQB£ =0.

Since X is a quasiaffinity, Ky = Hs = {0}. Consequently, the hypothesis
Azllan (0) C AZ%B; (0) implies that Ag-p«(X)=0. O

The numerical range W (T') of an operator T' € B(H) is the set {(Tz, ) :
l|z|| = 1}. Recall from Embry [6] that if A and B € B(H) are commuting
normal operators, and if X € B(H) is such that 0 ¢ W (X) and dap(X) =0,
then A = B. Thus, if A is a normal operator such that d4+4(X) = 0 for
some operator X such that 0 ¢ W(X), then A is self-adjoint. That a similar
result holds for operators A € p — H is proved in [9, Theorem 2|. In the
following we prove an analogue of Embry’s result for operators A € P; such
that d4+4(X) = 0 or Ag«4(X) = 0. Let 9D denote the boundary of the
unit disc.

Theorem 2.2. Let A € P; have the decomposition A = A, ® A, into
its normal and pure parts (alongwith the matriz decomposition above). Let
X € B(H) be invertible.
(i) If 0 ¢ W(X), 64-a(X) =0 and 53+ , (0) C 54 . (0), then A is the
114%p 114p
direct sum of a self-adjoint operator and a nilpotent operator (where either

component may act on the trivial space.)
(ii) If Aaxa(X) =0 and AZ%IAP(O) C AE;AZ(O), then A is unitary.

Proof. (i) If we let A* have the matrix representation above, A = A, & A,
and X = [X;;]? then d4: 4,(X12) = 0. Hence, since (5;%1Ap(0) C

ij=1>
-1 1 * :
6AHA;(O), ker—(X12) reduces A,, and A11|ran(X12) and Apl, 1 x,, are unitar-

ily equivalent normal operators [3, Lemma 1(i)]. Since A, is pure, we must
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have that X1o = 0. Consequently, X9 is injective. Since X9o € 6Z§2AP(O)

and A;Qk =0, ngA]; = 0 = A, is k-nilpotent. To complete the proof

we observe now that if A* = XAX ! and 0 ¢ W(X), then o(A) is real [9,

Lemma 3]. Since 0(A) = 0(A,)Uc(4,) and A,, is normal, A, is self-adjoint.
(ii) Representing A*, A and X as in (i) above, it is seen that

A'411*1410 (X12) =0= AAMA;(XH)a

and hence that ker™ (Xi2) reduces A, and A,|ker"(X15) is normal [3, Lemma
1(ii)]. Since A, is pure, Xi2 = 0 and X9 € AAT;I2AP(0). Since Agg is k-
nilpotent, X9o = 0 — X = X;; and A = A,, is normal. Hence A*X A =
X = AXA* [3, Corollary3] = |X|?A = (AX*A*)XA = (AX*)A*XA =
A|X]? = |X|A = A|X|. Letting X have the polar decomposition X =
U|X|, it follows that A*UA = U = A is invertible and A~! is unitarily
equivalent to A*. Hence o(A) C 0D. Since A is normal, A is unitary. [

Remark 2.3. (i) Theorem 2.2(i) has a more satisfactory form for pk — QH
operators. Thus, if an operator A € pk — QH is such that d4+4(X) = 0 for
some invertible operator X such that 0 ¢ W(X), then o(A) is real. Hence
A, in the decomposition A = A, © A, being normal is self-adjoint. Since
a pk — QH operator with zero Lebsgue area measure is the direct sum of a
normal operator with a nilpotent operator [8, Corollary 6], A, is nilpotent
and A is the direct sum of a self-adjoint operator with a nilpotent operator.
Hence: If A € pk— QH, 0 ¢ W(X) and d4-4(X) = 0, then A is the direct
sum of a self-adjoint operator with a nilpotent operator (cf. [9, Theorem
5]). Observe that if the operator A of Theorem 2.2(i) is reduction normaloid
(i.e., the restriction of A to reducing subspaces of A is normaloid), then A
is self-adjoint. Although pk — QH operators are not normaloid, p — H op-
erators are (reduction normaloid). Hence, if A € p — H, 0 ¢ W(X) and
da+A(X) =0, then A is a self-adjoint operator [9, Theorem 2.

(ii) Let A € pk — QH and assume that A4-4(X) = 0 for some invertible
operator X. Then A is left invertible. Hence, if A has a dense range (evi-
dently, see definition, such a pk — QH operator is a p — H operator), then
A is invertible, and so o(A) C 9D. Since a p — H operator with spectrum
in 0D is unitary, A is unitary.

Applications. The restriction of a pk — QH operator to an invariant
subspace is again a pk — QQH operator. We assume in the following that
0 < p<1land k > 1. Recall that every A € pk — QH N B(H) has a
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0 A T 0) |’

where A1; € p— H and AL, = 0 [8]. Evidently 5;111]\,(0) C 51}1}1]\,* (0) for
every normal operator N and 5211{[(0) = {0} for all pure p-hyponormal or
dominant operators 7% [2, Theorem 7 and Corollary 8]. If S is a hyponormal
operator and 7™ is a dominant operator, then Ag7(0) € Agl. (0): this is a
consequence of the fact that d47(0) C §527.(0) (see [, Theorem 1] and [3,
Theorem 2]). Since to every p-hyponormal operator R there corresponds a
hyponormal operator S and a quasiaffinity X such that X R = RS [4, Proof
of Theorem 1], it follows that A;hT(O) - AZ&T* (0) for every p-hyponormal

representation

or dominant operator 7.

Theorem 2.4. Let A € pk — QH N B(H) and B € B(K). If B* is an
either p-hyponormal or injective dominant or injective pk — QH operator

(resp., B* is an either p-hyponormal or dominant or pk — QH operator),
then §,5(0) C 632 5.(0) (resp., A5(0) € ALt5.(0)).

Proof. Let dap stand for either of 45 and Ayp. Fora Y € dZ}B(O), define
the quasiaffinity X : kerY — ranY by setting Xz = Yz for each z €
K. Evidently, ranY is invariant for A and kerY is invariant for B*, and
da,B,(X) =0, where A} = Al € pk—QH and B} = B*|,, 1, is either p-
hyponormal or injective dominant or an injective pk —QH operator. In view
of our remarks above, it follows from Theorem 2.1 that Bj is normal and
da; By (X) = 0. Observe that da,p,(X) =0= da: By (X), By normal, implies
that A; is normal. It is not difficult to verify that invariant subspaces M
of a pk — QH operator A such that A|j; is injective normal are reducing [9,
Lemma 10]; hence A = A;® Ay for some operator Ag. But then daxp:(X) =
0= da+p~(X)=0. O

Remark 2.5. (i).The hypothesis that B* is an injective dominant or an
injective pk — QH operator can not be relaxed in Theorem 2.4. Thus, let
A =B = N®&K, where N is normal and K is k-nilpotent. Then A and
B* € pk — QH. Let X; be any operator in the commutant of N, and
let X = X7 @ K* . Then §45(X) = 0, but §4:5<(X) # 0. Again, let
A=N®K, X =06 K" and B* = D @ 0 for some dominant operator
D. Then 645(X) =0, but d4+p=(X) # 0.

(ii). If A € pk — QH is such that A|—p is normal, then ranAF reduces

Ay Ais ) < ran Ak

A. To see this, let A = ( 0 Ay ker A**

>, where Aj; is normal.
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Let A;; = N @0, where N is injective normal. Then [9, Lemma 10] implies
N 0 O 0 A

that A = 0 0 A =N& 2 = N & Ap. The operator Ag
0 0 Ao

is (of necessity) pk—quasihyponormal. It is easily verified that Ag is k& + 1—

nilpotent. Hence o(Ap) = {0}. Applying [8, Corollary 6], it follows that Ay

is the direct sum of a normal with a nilpotent. Evidently, Ay = 0.

Various combinations (such as A € pk — QH is injective and B* € p— H
(see [9, Theorem 11]) and variants (such as A € pk—QH and B* € pk—QH
such that B*~1(0) is reducing (= the pure part By, of B* is injective)) are
possible in Theorem 2.4: we leave the formulation of such combinations to
the reader. A version of Theorem 2.4 holds for pk — QH operators A and
spectral operators B. (See [5, Chapter XV] for information on spectral and
scalar operators.)

Theorem 2.6. If 645(X) = 0 (resp., Aap(X) = 0) for some operator
A € pk — QH, spectral operator B € B(K) such that BK = B*K and quasi-
affinity X (resp., some operator A € pk — QH such that 0 € 0(A) = 0 €
op(A), spectral operator B and quasiaffinity X ), then A is normal, B is a
scalar operator similar to A and da+p«(X) = 0 (resp., A is an invertible
normal operator, B is a scalar operator similar to A and A a<p«(X) =0).

Proof. Case 645(X) = 0. The hypothesis BK = BFK implies that B €
B(BK @ B*1(0)) has a representation B = By, @ 0, where By is spectral,
and X € B(BK ® B*~(0), AFH @ A*k_l(O)) has a representation X =
( X011 4);(;; ) Since ranAFranX = ranXranB* = ranXranB, X;; is a
quasiaffinity. Hence d4,,5,,(X11) = 0 = Aj; is normal, By is a scalar
operator similar to A11, and dax Bz, (X11) = 0 [7, Theorem 11]. Since Xoo
has dense range, d4p(X) = 0 = Ay3X9 = 0 = Ayy = 0. Evidently,
A1y = 0. (Observe that Aj; is normal = ranA* reduces A; see Remark
2.5(ii).) Hence, 04+p+(X) = 0, A is normal and B is a scalar operator similar
to A.

Case Agp(X) = 0. Since X is a quasiaffinity, and since 0 ¢ 0,(A) =
0 ¢ o(A), the hypothesis Aap(X) = 0 implies that A is an invertible p-
hyponormal operator such that d4-15(X) = 0. Applying [7, Theorem 11],
it follows that A~! is normal, B is a scalar operator similar to A~ and
(SA*le*(X):O:AA*B*(X). [l
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